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Abstract
Essays in the Econometrics of Continuous-Time Finance
Federico M. Bandi
1999

This dissertation is devoted to the study and empirical implementation of
new methods in the econometrics of continuous-time finance. The first chapter is
concerned with the nonparametric estimation of the drift and diffusion function
of general continuous-time homogeneous stochastic differential equations. Min-
imal requirements are placed on the data generating mechanism, allowing for
both stationary and nonstationary systems, and the available data is assumed
to be a set of discrete sample observations. Econometric estimation proceeds by
constructing refined sample analogues of unknown drift and diffusion function.
Cross-restrictions on the functional forms are not imposed, nor is the existence
of a time-invariant marginal data density and, in consequence, the new approach
is robust against deviations from stationarity. We prove consistency of the point
estimates and pointwise weak convergence to mixtures of normal laws, where the
mixture variates depend on the chronological local time of the underlying semi-
martingale, that is on the amount of time spent by the process in the spatial
vicinity of each point.

The second chapter focuses on the application of this new method to a well-
known problem in empirical finance, namely the estimation of the short-term
interest rate dynamics in a continuous-time framework. The approach to data
analysis is twofold. First, a descriptive analysis of the time series is conducted
using econometric estimates of the local time, which is treated as a spatial density
function, along lines pioneered in Phillips (1998). Spatial densities (and various
functionals of them, such as spatial hazard rates) are newly developed descriptive
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tools for data analysis that are applicable when the series is nonstationary or,
more strictly, when stationarity cannot be guaranteed [c.f. Phillips (1998) and
Phillips and Park (1998)]. Second, nonparametric estimates of the drift and
diffusion function and associated confidence intervals are obtained for the interest
rate process.

The third chapter of this thesis discusses the finite sample performance of fully
nonparametric estimators of the drift and diffusion function of general, poten-
tially nonlinear and homogeneous stochastic differential equations. We compare
the estimators in the first chapter to those suggested in recent papers by Jiang
and Knight (1997) and Stanton (1997). Theoretical justification for the different
functional approaches is based on specific assumptions on the limit theory and
the underlying process. The stringency of these assumptions in finite sample is
investigated by evaluating the performance of the estimators in the presence of

various simulated underlying processes.

ii
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Part I
Econometric Estimation of Diffusion
Models (with Peter C. B. Phillips]

1. Introduction

Many popular models in economics and finance, like those for pricing derivative securities,
involve diffusion processes formulated in continuous-time as stochastic differential equations.
These processes have been used to model options prices, the term structure of interest rates,
exchange rates, and foreign currency interest rates, inter alia. A recent introduction to some
of these applications is given in Baxter and Rennie (1996). Stochastic differential equations
have also been used to model macroeconomic aggregates like consumption and investment,
and systems of such equations have been used for many years to model economic activity
at the national level, as described in Bergstrom (1988). In all these applications, statistical
estimation involves the use of discrete data. It is then necessary to identify and estimate
with discretely sampled observations the parameters and functionals of a process that is
defined in continuous time.

The stochastic differential equation that defines a diffusion process, like X; in (2.1)
below, involves two components. These components measure the conditional drift. u(X:).
and the conditional variation, 02(X;), of the process in the vicinity of each point visited
by X:. The most general approach to estimating stochastic differential equations is to
avoid any functional form specification for the drift and the diffusion term. In some cases,
attention may focus on one of the functions and it is then of interest to estimate it in
the context of the other function being treated as a nuisance parameter. A substantial
simplification to the estimation problem is obtained by the commonly made assumption of
stationarity. Indeed, under stationarity and provided suitable regularity conditions are met,
the marginal density of the process is fully characterized by the two functions of interest
[e.g. see Karatzas and Shreve (1991) and Karlin and Taylor (1981)]. This fact justifies
some estimation methods that have appeared recently in the literature which exploit the
restrictions imposed on the drift and diffusion function by virtue of the existence of a
time-invariant density of the process [see, in particular, Ayt-Sahalia (1996a,b) and Jiang
and Knight (1997)]. Notwithstanding the advantages of assuming stationarity, it would
appear that, for many of the empirical applications mentioned in the preceding paragraph
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at least, it would be more appropriate to allow for martingale and other possible forms
of nonstationary behavior in the process. In such cases, it becomes necessary to achieve
identification without resorting to cross restrictions delivered from the existence of a time-
invariant density and transitional density, and estimation and inference must be performed
when such restrictions cannot be imposed, namely when the process is nonstationary. Of
course, there may also be interest in testing either local or more general martingale behavior
in the process.

The aim of this chapter is to construct a nonparametric estimation method for diffusion
models without imposing a stationarity assumption. Our approach is simply a refined sam-
ple analog method, which builds local estimates of the drift and diffusion components from
the local behavior of the process at ecach spatial point that the process visits. We assume
that the process is discretely sampled, but we explore the limit theory of the proposed es-
timators as the sample frequency increases [i.e. as the interval between observations tends
to zero, as in Florens-Zmirou (1993), Jacod (1997) and Jiang and Knight (1997)] and also
as the total time span of observation iengthens. In technical terms this amounts to both
infill and long span asymptotics. We give conditions for almost sure convergence of the
proposed sample analog estimators to the theoretical functions and provide a limit distrib-
ution theory for the general case. The asymptotic distributions of the estimates are mixed
normal and the mixture variates can be expressed in terms of the chronological local time
[see Phillips and Park (1998)] of the underlying process, a random quantity that measures
in chronological time units the amount of time the process spends in the vicinity of each
spatial point. Our results also enable us to comment on the fixed time span situation. We
confirm earlier findings that the diffusion term can be consistently estimated over a fixed
time span [as in Florens-Zmirou (1993) and Jacod (1997), for example]. We also confirm
that, in general, the drift term can not be identified nonparametrically on a fixed inter-
val without cross-restrictions, no matter how frequently the data is sampled [c.f. Merton
(1973), Ait-Sahalia (1996a) and the discussion in Part II]. Despite this, by letting the time
span increase to infinity, the theoretical drift term can be recovered in the limit, provided
the process continues to repeat itself, that is provided the process is recurrent. Geman
(1979) utilized the same property but assumed the availability of a continuous record of ob-
servations. To our knowledge, our drift estimator is the first fully nonparametric estimator
which permits identification of the drift function by use of discretely sampled data, without

relying on cross-restrictions based on the existence of a time-invariant marginal density. It

(3]
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is therefore robust against deviations from stationarity.

This chapter is presented as follows. Section 2 lays out the model and objects of interest.
Section 3 gives some useful theoretical preliminaries. Section 4 contains a description of
the methodology. Section 5 presents the main results and Section 6 concludes. Section 7

provides proofs and technicalities. Notation is laid out in Section 8.
2. The Model, Assumptions and Objects of Interest

The model we consider is the autonomous stochastic differential equation

dX; = p(X:)dt + o(X,)dB, (2.1)

with initial condition Xy = X and where B is a standard Brownian motion defined on the
filtered probability space (2, 32, (38)i>0, P). The initial condition X € L? and is taken to

be independent of {B; : t > 0}. We define the left-continuous filtration
B =a0(X)vP =0(X,B;0<s<t) 0<t<oo
and the collection of null sets
R:= {N C Q;3C € S with N C G and P(G) = 0}.
We create the augmented filtration
‘3;‘ = a(SUR) 0<t< oo

The following conditions will be used in the study of (2.1). They will assure the existence

and pathwise uniqueness of a nonexplosive solution to (2.1) that is adapted to the augmented
filtration {3 }.

2.1 Assumption

(A) p(-) and o(-) are time-homogeneous, B-measurable functions on D = (I, u) with —oco <
[ < u € 0o where B is the o-field generated by Borel sets on ©. Both functions are at
least once continuously differentiable. Hence, they satisfy local Lipschitz and growth
conditions. Thus, for every compact subset J = (1/H, H| with H > Q of the range of
the process, there erist constants C and Ca such that, for all = and y in J,
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lu(z) — p(y)| + lo(z) —a(y)| < Cilz -yl

and
lu(z)| + lo(z)| < Cofl + ||}

(B) 03(:) >0 on D.

(C) [Feller's (1952) necessary and sufficient condition for nonexplosionj. We define V(a)

(4 , 2
§s0[] | | e

where S'(z) is the first derivative of the natural scale measure,

S(a) = Aa exp{/ou [—(—25%] dz}dy.

We require V() to diverge at the boundaries of D, i.e.

as

lim V(a) = lim V(a)=o00.

a—lt a—u-~

Assumption (A) is sufficient for pathwise uniqueness of the solution to (2.1) [c.f. Karatzas
and Shreve (1991, Theorem 5.2.5, page 287)]. Assumptions (A) and (B) assure the exis-
tence of a unique strong solution up to an explosion time [c.f. Karatzas and Shreve (1991,
Theorem 5.5.15, page 341 and Corollary 5.3.23, page 310)]. Assumption (C) guarantees
that neither [ nor u are attained in finite time [c.f. Karatzas and Shreve (1991, Theorem
5.5.29, page 348)|; and the same condition is necessary and sufficient for recurrence, mean-
ing that, for each ¢ € ({,u), there exist a sequence of times {t;} increasing to infinity such

that X, = c for each 7, almost surely.

2.2 Remark Global Lipschitz and growth conditions are typically assumed to guarantee
existence and uniqueness of a strong solution to (2.1) [c.f. Karatzas and Shreve (1991,
Theorem 5.2.9, page 289), for example]. We do not impose these conditions here because, as
Ait-Sahalia (1996a,b) points out, they fail to be satisfied for interesting models in economics

and finance.
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2.3 Remark Geman (1979) requires the natural scale measure S(a) to diverge to oo as
a — u, and to —oo as & — [. Notice that this condition is only sufficient for nonexplosion
and recurrence. Feller’s (1952) condition based on the function V(a) is necessary and
sufficient. The following implications are easily derived [c.f. Karatzas and Shreve (1991,
Problem 5.5.27, page 348)]:

SIf)=-c0=V(I") =
and
S(u")=00=V(u") = 0.
Thus, under conditions (A), (B) and (C), the stochastic differential equation has a strong

solution X, that is unique, recurrent and continuous in t € [0, T]. X, satisfies
t t
X =Xo +/ ,u(X,)ds-i-/ o(X,)dB,
0 0
. T 2
a.s., with [y E[X{]dt < co.
The objects of econometric interest are the drift and diffusion terms in (2.1). These

functions have the following conditional moment definitions:

X Xion — X
ue) = lim B{=E—|X, =z} =
.1
= Jim > / (Xewn = X)dP(Xeenl X, = 2), (2.2)
h=0 R J(1x, - Xel<e]
2 o Xeen - X%, ) _
0"(1‘) = Al_l%E{——,;—lXt—x =
o1 a
= lim — (Xesn — X2)2dP(Xeon|X: = z). (2.3)

h=0 b Jij X, p-Xil<e]

En}) R P(|Xepn — Xo| 2 el Xe =) = 0.

Loosely speaking, (2.2) and (2.3) can be interpreted as representing the “instantaneous”
conditional mean and the “instantaneous” conditional variance of the process when X, = z.
More precisely, (2.2) describes the conditional expected rate of change of the process for
infinitesimal time changes, whereas (2.3) gives the conditional rate of change of volatility

at r.
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3. Local Time Preliminaries

In what follows we introduce some preliminary theory regarding the local or sojourn time of
a semimartingale (SMG). All of what is needed below is contained in standard treatments
like those of Protter (1990) and Revuz and Yor (1991). Continuous-time stochastic dif-
ferential equations like (2.1) have solutions that are semimartingales and hence the theory
comes within the ambit of SMG analysis.

The local time of a continuous SMG M is defined as follows:

3.1 Definition (The Tanaka Formula) For any real number a, there exists a non-

decreasing continuous process Lys(.,a) called the local time of M at a, such that
t
M, —a| = |Mo—al+ / sgn(M, — a)dM, + L (t,a),
0
¢ 1
(A’It - a)+ = (z\lfo - a.)+ +/ I{M.>a}dﬂ‘1, + 5LM(t,a),
0 -
t
1
(My—-a)” = (Mg—a)~ -/ 1ir1, <apdMs + 3LM(t,a).
0 -

In particular, |M; — a|, (M —a)* and (M, — a)~ are semimartingales.

3.2 Lemma (Continuity of Martingale local time) For any continuous SMG M.
there exists a version of the local time such that (t,a) — Lps(t,a) is a.s. continuous in both
t and a. Moreover, it can be chosen so that a — Ly(t,a) is Holder continuous of order k

for every k < 1/2 uniformly in t on every compact interval.

3.3 Lemma (The occupation time formula) Let M be a continuous SMG with

quadratic variation process (M|, and let L® be the local time at a. Then,

t +0C t
/ f(M,, 8)d[M], =/ da/ f(a,s)dL(s,a)
0 -og a
for every Borel function f. If f is homogeneous, then the erpression simplifies to
t +0C
/0 F(M,)d[M], =/ f(a)Lp(t,a)da. (3.1)
-0
3.4 Lemma If M is a continuous SMG then, almost surely
.1t
Lu(t,a) = im - /O Lo, aref(Ma)d[M], Va, . (3.2)
If M is a continuous local martingale then, almost surely

6
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Ly(t,a) = I]a—e a+e[(A’I [A’[]s Va,t. (3*3)
s—» 25’

The process Lps(t,a) is called the local time of M at the point a over the time interval
(0,¢]. It is measured in units of the quadratic variation process and gives the amount of
time that the process spends in the vicinity of a. The chronological local time [from Phillips
and Park (1998)] is a standardized version of the conventional local time that is defined in
terms of pure time units. It can be easily derived in the Brownian motion case. From (3.3),

the local time of a standard Brownian motion W is

e
Lw(t, a) = =!1-5.1(1) % A 1(]W.-—G|<€)ds a.s. Va,t.

Now, consider the Brownian motion B = ¢W with variance 2. We can write, as in Phillips

and Park (1998),

. 1 ¢ 2 a
LB(t, a) = il—f'l(l)ég—/o‘ 1(|B.-—GI<E)U ds = O'Lw(t, ;) a.s. Va,t.

Since the quadratic variation of Brownian motion is deterministic, the chronological local

time can be obtained as a scaled version of the conventional sojourn time as

Lp(t,a) = hm -5/ 1(|B,—aj<c)ds =0~ 2Lg(t.a) as. Va,t. (3.4)

Equation (3.4) clarifies the sense in which Lg(t,a) measures the amount of time (out of t)
that the process spends in the neighborhood of a generic spatial point a.

It turns out that a similar expression can be defined for more general processes such as
those driven by stochastic differential equations like (2.1). In this case, the measure d[X],
is random and equal to 6%(X,)ds. Hence, given the limit operation, a natural way to define

the chronological local time of a process like (2.1) is by

Ix(t,a)= % Pﬁoi / Lo, ave((Xs)02(X,)ds = Lx(t,a) as. Ya,t.  (3.5)

L
a%(a)
This is the notion of local time that we will use extensively in what follows.

The following result generalizes to diffusion processes the limit theory for Brownian local
time [see Yor (1983), Revuz and Yor (1994) and Phillips and Park (1998)]. This result will
be useful in the development of our limit theory.
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3.5 Lemma (Limit theory for the local time of a diffusion) Let X satisfy the
properties in Section 2. Let T and a be fized real numbers and treat {Lx(t,r+%$)—Lx(t,7)}

as a double indezed stochastic process in (t,a). Then, as A — o0
1 a d
5VMLx(t,r+3) = Lx(t.r)} S B(Lx(t,r),0)
where B(t,a) is a standard Brownian sheet independent of X.

4. Econometric Estimation

Assume we observe the process X, at {t =t;,ts,..,t,} in the time interval [0,T], with
T > Ty > Q, where Tgis a positive constant. Further assume that the observations are
equispaced. Then, {X; = Xa, ,,X2a, X34, 1+--»Xna, } are n observations on the
process X; at {t, = Ap1.t2 =28, 7.t3 = 3AnT, .o tn = nAp 1} where Ap1 =T/n.

We want the number of sampled points (n) to increase as the time span (T) lengthens.
We also want the frequency of observation to increase with n. Thus, we will explore the
limit theory of the proposed estimators as n — 00, T — oo and A1 = T/n — 0. We will

also comment on the fixed T case where T =T.

We propose the following estimators for (2.2) and (2.3).

X, 1 T(i8n1)-1
2‘- K( hn: )(mn r(lAn T)dn.T ZJ‘U i rX‘('An T);+8n.1 ~ X, 1')1I )

~2
U("vT) (1') n K( ¥‘Am‘l' :)
1=1 “haT
Xia,r—2
n :‘=1K( o )51 (Xt r) 1)
= X, .
L K(ZRIE)
X-A.. -z T(i8n,1)-1
-~ =1 K( T )('nn T(tAn T)An,T Z?—nOT T {Xt(iAn.T)J' +8n1 ~ Xt(iA"»T}J])
Bmr(2) = NPT
Z:—l K " z )
X.A -z
f_l_ K n T X
= =1 ( )/‘n T( 'Aﬂ T) (4.2)

K(xtA" T J:)

t—l

In the above formulae, {¢(iAnT);} is a sequence of random times defined in the following

manner:
t(iAnr)o = inf{t > 0: | X, — Xia, | L enr}

and
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t(tAn1)j+1 = Inf{t > t(iDnT); + Dnr : | Xe - X,'A,‘_TI <éenr}

The number mn 7(iAn,7) < n counts the stopping times associated with the value Xia,, ,
and is defined as

Mar(iAnT) =Y 1“ X,
j=1

anr—Xia, 1 Sen.r] ’

where 14 denotes the indicator of A. The quantity e, 7 is a bandwidth-like parameter that
is taken to depend on the time span and on the sample size. We call this parameter the
spatial bandwidth. As usual, the random time t(iA, ) is defined on Q and takes values on
[0,00). Further, {t(iAnr1) < t*} € $.. where 9.is a right-continuous filtration defined
as ugt‘ &

The kernel function K(-) that appears in (4.1) and (4.2) is assumed to satisfy the

following condition.

4.1 Assumption The kernel K(.) is a continuous differentiable, symmetric and nonneg-

attve function whose derivative K' is absolutely integrable and for which

oc
/ K(s)ds = 1, /W K?(s)ds < 00, supK(s) < C3,
-0 —-OC g

and

/ s7K(s)ds < o0,

—=0oC

for some ¢ > 1.

4.2 Heuristics of the Estimation Procedure The method hinges on the simultaneous
operation of infill and long span asymptotics. The intuition underlying the construction of
(4.1) and (4.2) is fairly clear. By using observations over a lengthening time span as well as
of increasing frequency we aim to “reconstruct” as well as possible the path of the process
in terms of the key objects of interest, the drift and diffusion functions, which vary over the
path. The idea is twofold.

First, the use of local averaging and stopping times in the algorithm is designed to
replicate as well as possible the instantaneous features of the actual functions. Notice, in
fact, that the components Eﬁ‘T(X,-An_T) and p, r(Xia, r) in (4.1) and (4.2) are defined
as empirical analogs to the true functions for all i. Further, the estimates 3,2"T(X,-A“'T)

and fz, r(Xia,r) are consistent for 02(Xia, ) and u(Xia,,) as the random quantity

9
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Mn 1 (iAn,1) goes to infinity Vi. Under suitable conditions on the bandwidths, my, 7(iAnT)
diverges to infinity almost surely when T' — oo. In particular, given appropriate choices
of the smoothing sequences, divergence occurs when the process X; is recurrent, as it is
under Assumption 2.1. In this case, the process almost surely hits any point in its range
an infinite number of times, i.e. P-{X; hits z at a sequence of times increasing to co} =1,
Yz, z (here z represents possible initializations of the process X;).

Second, we apply standard nonparametric smoothing to recover the two functions of
interest from the crude estimates &2 1(X;a, r) and f, #(X:a, ;) calculated at the sample

points.

5. Main Results

5A. Some Preliminary Theory

We start with the following preliminary result. Throughout, we will assume that Assump-
tions 2.1 and 4.1 hold.

5.1 Theorem (Almost sure convergence to the chronological local time) Given

n—oo, T fited( =T ) and h,7 — 0 (as n — o0) in such a way that -h‘—T(An'T)” = 0(1)
= Xia - - =
for some a € (0, }), the estimator i:;' Yo K(——%';—f) converges to Lx(T,z) a.s.

5.2 Remark Theorem (5.1) is general enough to be applicable to transient processes.
The following corollary illustrates the difference between the two cases when we let T go to
infinity.

5.3 Corollary If T — oo with n but L = A,7 — 0 and hn — 0 (as n — o0) in such
e way that L—“i—f‘%ﬂ(An'T)“ = 04.5.(1) for some a € (0, :5—), and i‘;‘—: — 0, then

AﬂT = XtAn r— %, as =
SaT S g 2bar Ty as 7 t: X, =z},2).
o i§=l (— . ) x(sup{t: X; = z}, )

Further, if the process is recurrent, then Lx(sup{t: X; = z},1) = 00 a.s.

5.4 Remark In applications it is often conventional to normalize T to 1. This implies
that the admissible bandwidth h, 7 is proportional to n=* with k € (0, §).

10
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5B. Function Estimation of the Diffusion
We next develop the asymptotic theory for the diffusion estimator (4.1).

5.5 Theorem (Almost sure convergence of the diffusion estimator) Given n — oo,

T — oo and ha — 0 (as n,T — oo) such that 2= — — 0 and M(Aﬂr)" = 0g.4.(1)
Anr

for some a € ( ,2) and provided e, — 0 (as n, T — 00) such that — 0 and
Z.'Er“ﬂ;fl (AnT)P = Oq..(1) for some 3 € (0,1), the estimator
tA" T\
T KR —)0nrXianr) oy,
s % o%(z),

it K(—m—)
where

1 Ma, 7(idn,1)-1

53:.1(- idnr) = : Z [Xt(iAn.T)J'*'An.‘r - Xt(iAn.r);]z'

Mar(iBnr)Bnr

and where the sequence of stopping times {t(iAnr);} j = 1.2,.. satisfies
t(iAnT)o =inf{t >0:|X, - Xidn.rl < éenT}
and
t(iAn.T)jﬁ-l mf{t > t(iAn T) +Qnt: [ X - :A,.,rl < 5n.T}a

for all i.

5.6 Theorem (limiting distribution of the diffusion estimator) Assume n — oc.

T — o, hnr — 0 (as n,T — o0) such that 2L — 0 and XTZ (A, 1)e = 0,,.(1)

A"; — 0, and

for some a € (0,3). Also, assume enr — 0 (as n,T — oo) such that
2T (A 7)? = Oa.s (1) for some 3 € (0, }).
—_ T a.s. 5?‘ T . . . .
If hnT = o(enT), €EaTLx(T,z) = 0 and m 0, then the asymptotic distribution
of the diffusion function estimator is driven by a ‘martingale’ effect and has the form

V En'TngrT’ z) {"A%n.r) (z) —o¥z)} S N (0,20%(z)) . (5.1)

If hn1 = o(enT), @E = 0and 7—- — 00, then the asymptotic distribution
of the diffusion function estzmator is driven by a ‘bias’ effect and has the form

11
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______erxg”) @@ -P2@)} SN (o, 4" (a’ (:z:))2) : (5.2)
n,T

where 99 =-2 f—cc f |a - b[ab (;1{l¢|<1}) (21{“,‘(1}) dadb = 0.2666.

If ha1 = O(enT) with hnr/ent = ¢ >0, enrLx(T,z) =3 0 and ﬁ — 0, then the
asymptotic distribution of the diffusion function estimator is driven by a ‘martingale’ effect
and is of the form

en7Lx (T, z)

Ant {62, (z) - 0¥(z)} 4 N (0,20,0%(z)) . (5.3)

(z+1 1
where 8y = § [0 f( fl))/: j(ffl))/: K(a)K(e)dzdade.
If ka1 = O(en,T) with hpn1/enT — 0 > 0, 3@;@ 20 and 7— — 00, then
the asymptotic distribution of the diffusion function estzma.tor is driven by a ‘bias’ effect

and is of the form

V Z (T ) 9 ’
;3,2—{6?,.1)(::) oAz} A N (0,4 (3o + 0 0 + 1) (a (1:))2) . (5.4)

“n,T
where
Vo=3 [ oo [ oo [0 [0 [ K($)K(c)a=08)1{jq—ou <1} (b=08)1(jb—ga <1} (a—0C) X
*X1{ia-oci<1}(0=2€)1 (jb-0ci<1} L(0<uga) L(0svsp) dadbdedsdv,
e o] oC
= —/ / 2|a — blabK(a)K(b)dadb,
—0C J —OC
and

0
Ny = 4¢2/ F /Q F u (a - (DC) K(u)K(C)l{Ia—MSI} 1(0__<_b$u) I(OSMSQ)dbdudadc.
-0 J -~ J—00 J~x

5.7 Remarks The statement of Theorem 5.6 uses the terms ‘bias’ effect and ‘martingale’
effect to refer to the principal terms that govern the asymptotic distribution. These effects
are revealed in the proof of the theorem. The essential factor governing the magnitude of
the two effects is the relation of the observation rate, A, 1, of the process to the spatial
bandwidth parameter, &, . If A7 is small relative to &, 1, so that €2 /\/A, 1 — oo,
then the bias effect dominates the asymptotics. In contrast to conventional nonparametric
regression situations (H#rdle, 1990), the bias effect turns out to be random, as it is in

the nonstationary autoregressive case studied in Phillips and Park (1998). If the spatial
12
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bandwidth &, 1 is small relative to the observation interval and E%'T/ V/Bnr — 0, the bias
effects are eliminated asymptotically and the martingale effect governs the limit theory.
Theorems 5.5 and 5.6 state the a.s. consistency and convergence in distribution of
the diffusion function estimator as we enlarge the time span and increase the frequency of
observations. It is easy to see that if we fix T (T = T with A, 7 — 0), the previous results do
not change: that is, the diffusion function estimator is still consistent and distributed in the
limit as a mixed Gaussian distribution with mixing variate depending on the chronological
local time of the underlying diffusion process. Assume h, 1 = o(én1). When Lx(T,z) =

Op(1), that is when T = T, the asymptotic distribution can be written as

-~ 2 , 0’4(1')
\ /TI«ER'T{U?"‘T)(I) - 0"(1‘)} i MN (0. Q(Z—x'm) ) (55)

under the following conditions on A, 7 and ¢, 7:
11
EnT X n~% with k; € (Z, 5)

and

hn.T x n~*? with ko € (0, é) .
On the other hand, if

1
.7 < N7 with ky € (O, Z)

and

hn,T x n~*2 with kg € <0, ;];-)

then the *bias’ term dominates and

s 2
(@) 56

1 . .
5780 7(@) — ()} S MN [ 0,40 )

EnT

with qp' =-2 finm ff; |a - blab (%l{lalSl}) (%l{lblﬁl}) dadb = 0.2666.

5.8 Relation to Florens-Zmirou (1993) There is an important similarity between (5.5)
and the limiting distribution obtained in Florens-Zmirou (1993). It is useful to recall her
results before commenting further.

13
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5.9 Theorem (Florens-Zmirou (1993)) Assume we observe X, at {t =t},t,...,ta} in
the time interval [0,T] where T can be normalized to 1. Also, the data is equispaced.
Consequently, {X; = Xa,, Xoa,, X3A,,---XnA,} are n observations at points {t; =
An,to =2, ...t = Ay}, where Ap, = 1/n. The estimator

2 =L St L0y -sigha} Xisnyn = Xinl® 1, 2
7
TR, St 10X, —ziShal

o*(z)

provided the sequence hy, is such that nhy, — 0o and nhd — 0. Further, if nh3 — 0, then

ot(x) )

— 2 X T
Vnha{G8(z) - *(2)} = MN (0’2(Lx(1,r))

where Ly (1,z) is the local time of the process.

What Florens-Zmirou calls local time (Lx(..z)) is what we refer to here as the chrono-
logical local time (Lx(.,z)) of the process.

Provided nh% — 0, the bias term disappears asymptotically and the limiting distribution
is the normal distribution to which the ‘martingale’ term converges. It is not surprising that
the limiting distribution in Florens-Zmirou (1993) resembles the limiting distribution of the
estimator proposed here for choices of €, 7 and h, 7 that make the bias term negligible
[and provided h, 7 = o(c, 7)]. Note, in fact. that in the fixed T case the estimator that
we suggest here can be interpreted as a convoluted version of Florens-Zmirou's estimator.
In particular, it can be written as a weighted average of estimates obtained using Florens-

Zmirou's method. In effect, &f.,‘i'(XiAn.T) can be rearranged as follows Vi,

mn._T.(iAn.T)_l

1
02 s = X . - - X . 2
" T( @ T) mn.T(iAn.T)An T ; [ o1l Cnr mA“'?)JI

n—-1 . 2
1 Zj:.—l I{IXJA"’T“XiA“'TESC,.'f}[X(j'*l)A,,j"— JA,‘j‘]

— n—1
An.T j=1 I{IXJA’.'T _X'An,T ISE..,T}

It is easy to prove that when nhf — 0o Florens-Zmirou’s estimator is still consistent but, in
the same manner as our own limit theory, the ‘bias’ term drives the asymptotic distribution,

namely

,o\2
a%n)(:c 62(-’1?)}—4-'./\/IN O,W‘M

hs,f2{ Tx(L,2)

where ¢* = =2 [% [%° |a — blab (}1(a<1}) (31(pi<1}) dadb = 0.2666.

14
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5.10 Remark When we let T — oo, the normalizations in (5. 1) (5.2), (5.3) and (5.4) are
random because of the presence of the local time factor Ly (T, 1:) . In general, therefore, the
rate of convergence will be path dependent and will depend, in particular, on the sample
trajectory of the conditional variance function. The precise rate of convergence in (5.1),
(5.2), (5.3) and (5.4) depends on the asymptotic divergence characteristics of the chronolog-
ical local time Lx (T, ) of the process {X;;¢ > 0} . When X, is a standard Brownian motion

(ie., p(X) =0,and o (X) = 1), then Lx(T,z) = Lw(T,z) = TiLw(l,z/T3) = O (T3).

En.TT&
AL

In this case, which is explored further below, the convergence rates of 5'%71,7‘)(1') are -

and ‘/ i in (5.1)-(5.3) and (5.2)-(5.4) respectively, and are not path dependent.

5C. Function Estimation of the Drift

We now turn to the analysis of the drift function.

5.11 Theorem (Almost sure convergence to the drift term) Givenn — o0, T — o0
and ha — 0 (as n,T — oo) such that — — 0 and M(Anr) = Qq.5.(1) for some
a € (0,1), and provided o1 — 0 (as n,T ~ 00) such that $2E — 0, B (A, )3 =

Oa.5.(1) for some 3 € (0, %) and , 7Lx(T,z) — oo. the estimator

X, z
K(—A;;";T—)#nr(X.A”) s )
— U I),

XtA
K(—h——)
with
M, 7(i8n,1)-1

1
m X = - E [ Xy — X ,
/"n.T( ‘An.T) M 7(i8n.T)An T g (M (iAn,T); +8n.T t(iAn.T)J]

where the sequence of stopping times {t(iAnT);} 7 =1,2,.. satisfies
t(iAnr)o = inf{t > 0:|X; — Xia, ;| Searh

and

t(lAn T)J+1 mf{t 2 t(zAﬂ T) + An T: I‘Yt iAn.Tl < 5'ﬂ.T]’v

for all i.

15

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5.12 Theorem Givenn — oo, T — 00, hy — 0 (as n,T — o) such that %ﬁ"—:— — 0 and

z—’,‘;(f;—'zl(A,.,T)“ = 0q4.5.(1) for some a € (0, %), and provided e, 7 — 0 (as n,T — o) such
that %:'?T -0, —E—’g—?(z}mr)ﬂ = 0g.s.(1) for some 3 € (0, %) and e, 7Lx(T, ) =2 o0, the

asymptotic distribution of the drift function estimator is of the form

VenrEx(T.2){Bon(@) - @)} 4 N (0.50%(2)) 6.1)

if hnt =olenT). If hnT = O(enT) With hn1/€nT — @ > 0, then

VenrLx (T, 2){fin 1 () — 1()} SN (0’ %%U 2(1?))

. 1 . 1
where 8, = § [ [ZX /@ [0 K (a)K (e)dzdade.

5.13 Remark (the fixed T case) If we fix the time span T the drift function cannot
be identified. In particular, the drift estimator would diverge at a speed equal to \/ft‘_r” [c.f.

Theorem 10.1 in Part II]. However, if we do not constrain the time span to be fixed, by
virtue of recurrence, there are repeated visits to every level over time and this opens up the
possibility of recovering the true function by using a single trajectory of the process over a
long time, through a combination of infill and long span asymptotics.

Since the local dynamics of the underlying continuous process reflect more of the features
of the diffusion function than those of the drift, only the diffusion function estimator can
be meaningfully defined over a fixed time span of observations [c.f. Geman (1979), Merton
(1973), Ait-Sahalia (1996a), inter alia, and the discussion in Part II|.

5.14 Remark Due to the very slow rate of convergence of the variance term in the
estimation error decomposition for the drift, the bias term never plays a role in the limit.
The rate of convergence is /e, 7Lx (T, z). This rate cannot be defined in closed form apart
from few specific cases [see Remark 5.16]. Technically, it is achieved by choosing a slowly

decaying sequence e, 7 so that e, 7Lx(T,z) © 0o [see Remark 5.16].

5.15 Remark The drift estimator converges at a substantially slower rate than the diffu-
sion function estimator. This is due to the smaller order of magnitude of the infinitesimal

conditional volatility of the process.

16
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5.16 Remark It is useful to consider the limit theory in the Brownian motion case in more
detail. This is an interesting special case as it allows us to obtain “closed-form” conditions
for the bandwidth e, T and shows the applicabilty of our method to general processes of
the type described in Section 2. Further, when the underlying process is Brownian motion,
it is possible to illustrate the rate of convergence (as T — oo with n) in a mare precise
fashion. Consider the Brownian motion B = oW with variance 2. The main assumption

that ensures consistent estimation of the drift estimator is
sarLla(T,7) 5
for all z € R. By using properties of Brownian local time, as indicated in Remark 5.10, we

can write

a

Lp(T.z) = T Lw (L, =r75)

where a = Z. Hence,
enrLa(T,2) = enrT"*Lw (L, z73) = enrT"20p(1)

and
entTH? = 0 = en7La(T.z) %5 oo

We want the window width &, 7 to tend to zero at a slow rate, and T needs to outweight
5%.T' This condition does not pose difficulties and is consistent with the other requirements
on the bandwidths. The more general case can be easily accommodated by assuming a slowly
decaying ¢, 1 capable of taking into account plausible rates of divergence of Lx(T,z) to
infinity in order to guarantee that e,.,fo(T, ) S .

The rate of convergence in the Brownian motion case is easy to determine. For example,

we can express (5.7) as

Tt Fonm(@)} 4 LwL0) AN (0,50 ) = M éf(—‘flo)) NET)

The local time at the origin plays an important role in determining the asymptotic variance,
102 (z) /Lw(1,0), that appears in this mixed normal limiting distribution.

17
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5.17 Remark p, 1)(X;a, ) and &%n'T) (Xia, r) in (4.1) and (4.2) are defined as follows:

1 my, 1(iln 1)1
~ X; = . _ - ; . 9
Hn)(Xitnr) My 1({AnT)An T ]'=ZO [Xtian1);+8n1 ~ Xt(ilrn.1),] (5.9)
and
1 M 1(idn 1)1
# o (Xia. o) = . ~Xya I G
(n,T)(XxA..,T) mn,T(i An,T) Ant Z [Xz(‘A,..r)j+A,,,,- Xc(:A,,.T),l (5 10)

=0

where the sequence of stopping times {t(iAnT);} j = 1,2,.. satisfies
t(idnT)0 = inf{t 20: X, ~ XiA,.,TI < en,T}v

and
t(iQn,1)j+1 = inf{t > t(iAnr); + Anr1 : | Xt — Xia, 7| S €nTh

for all i. We know that formulae (5.9) and (5.10) can be rewritten using indicator kernels,

namely

-1
~ 1 Z;=l lflxzén.r'X-A,._Tlsen.r}[x(j+l)lln.r - XjAn.T]
Bn1)(Xianr) = An S
n,

L}

2j=11
Jj=1 {[XJA,.'T -xtA“’T’SEn.T}

and

7 (Xia ) = 1 Z?;ll I{IX;A'..:‘X-A,.,TISE'..T}[X(j+l)Au.r - XJ'An.T]z’
(n.T) ' Anr Zj:l l{lxmmr-'X-A,,.TiSEn.T}

If a generic smooth kernel is used in place of indicator functions, then the constants of
proportionality in the asymptotic variances need to be modified accordingly. For example.
the factor of proportionality would be equal to [ K?(s)ds, rather than 3, in the case
of the drift provided hn 1 = o(en 7). As for the diffusion function estimator, the factor in
(5.1), for instance, would be equal to 4 f:o K?(s)ds, rather than 2. An appropriate choice
of the kernel could bring about an improvement in efficiency. As an example, in the case of

the Gaussian kernel [%7 K2(s)ds = s <13

5.18 Remark The estimators presented and discussed in this chapter are sample ana-
logues to the true theoretical functions. They are written as weighted averages based on
convoluted smoothing functions. Qur asymptotic results readily apply to weighted averages
based on simple kernels. In this case, by virtue of the generality of our formulations, only
straightforward modifications to the theory outlined here are needed.

18

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6. Conclusion

This chapter shows how to identify and consistently estimate both the drift and diffusion
term of a general homogeneous stochastic differential equation under broad assumptions on
the data generating process. The methods can, in principle, be extended to multi-equation
specifications although important difficulties associated with the curse of dimensionality
arise in that case in the estimation of local time.

The methods presented here are also useful in assessing the asymptotic behavior of
functionals of homogeneous diffusions. A typical example that is important in financial
applications is the price of derivative securities. In this case, the limit theory that is obtained
here for the drift estimator is ideally suited for exploring the limit behavior of functional
estimators of fixed-income securities prices. The reason is that the value of these securities
depends on the drift of the underlying process even under the no-arbitrage restrictions
imposed by martingale pricing. In fixed-income pricing the underlying process is generally
a short-term interest rate process. The next chapter applies the methodology suggested

above to the analysis of the spot interest rate dynamics in continuous time.

7. Proofs

7.1. Proof of Lemma 3.2

See Revuz and Yor (1991), Corollary 1.8, page 217.

7.2. Proof of Lemma 3.3

See Revuz and Yor (1991), Exercise 1.13, page 222.

7.3. Proof of Lemma 3.4

This is a straightforward consequence of the occupation time formula [c.f. Lemma 3.3] and

the right continuity in a of Lx(t,a) (See Revuz and Yor (1991), Corollary 1.9, page 218).
7.4. Proof of Lemma 3.5

The first part of the proof follows Yor (1983). Start by considering a simple application of
Tanaka formula [c.f Definition 3.1], namely

t
X& = Xg+ / 1(x.>0)dXs+%Lx(t,0),
0
19
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t
1
(Xe—a)t = (Xo-a)F +/0 1(x,>0)dXs + §Lx(t, a).

Subtract the second expression from the first expression, giving

Xt+ — (X - a)+
t
1
= Xg' - (Xo - a)* +/; l(osx.s,,)dxs -+ ;)-(Lx(t,O) - Lx(t,a)).

Equivalently, we can write

X = (Xs —a/A)7*
t
1
XJ —(Xo — a/,\)+ +_/0 l(osxlsa/,\)dxs + B(L)((t, 0) = Lx(t, a/A)).

Now, muitiply through by V'A. This gives,

VX - (X, —a/\)*)
t
= VMX$ - (Xo-a/N)*)+ VA /0 Locx,<a/ndXs +

1
+5VALx(t,0) - Lx(t,a/A)).
Apparently,

VX = (Xe —a/A)F| + VAIXG ~ (Xo—a/N)T] <2

S

Hence, the asymptotic distribution of v/ A\(Lx(t,0)— Lx(t,a/))) is determined by the term
VA [3 Lig<X,<a/3)dX;s s A — co. Further,

t t t
VA /0 1(0<x, <a/3)dXs = VA /o 1(0< X, <a/)i(Xs)ds+VX /0 Lio<x.<a/2)0(X;s)dBs. (7.1)

Now notice that VA fot 1io<x.<a/ni(Xs)ds *> 0 as A — co. In fact, by the occupation time

formula [c.f. Lemma 3.3] we can write

t
v /0 Lo<x,<a/ ) B(Xs)ds

_ (b)
= VA . l(osbga/,\)oT(bjo(Lb)db

p(b)
VA | Logise) Lt b)db,

20
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and, setting Ab = c, this becomes

1 [® u(c/N)
7’;\'-/; (0<c<a.) 2( /A)LX(t /’\)

By the properties of the local time [in particular, the map a — Lx(t,a) is a.s. continuous
and has compact support — c.f. Lemma 3.2| and the dominated convergence theorem, it

follows that
©(0)

= (O)L(t ,0),

/ ” 1(0<c<a) “2(( //lt\)) Lx(t,c/A)dc

—oC

as A — oo. In consequence.

75 || osesa b Lt/ \de S o

This, in turn, implies that the asymptotic behavior of (7.1) is determined by v\ fot 1(0<X,<a/2)0(Xs)dB,.
Now define

¢
M (1) = VA [ Liogn,como(X)B,.
0
M?” is a continuous martingale with quadratic variation process {[M*: : t > 0} given by

t
A /0 Lio<x,<a/n)0°(Xs)ds

Again, by the occupation time formula, the properties of the local time and dominated

convergence, we get

(M,

t

A / Lio<x, <a/2)02(Xs)ds
Ooc

= /\/ I(OSMSG)Lx(t*b)db
—-oc

= /Q l(OScSa)LX(tv c/z\)dc
—QC
2 aLx(t,0).

Setting
= inf{s : [M?*]s > t},

B, = M’\,\ is a Brownian motion and M;' = Bjyp),. In fact, By is the so-called Dambis,
Dubms-Schwarz (DDS, henceforth) Brownian motion of M} [c.f. Revuz and Yor (1994,
Theorem 1.6, page 173 and, for an asymptotic version, Theorem 2.3, page 496)]. It follows
that

21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



¢
M} = VA /0 Li0<rx,<a)0(Xs)dBs

d ~
— B
s, BaLx(to)

d o~
= VaBL ()

d
= B(Lx(1,0)a)

where Ly (t,z) = lime—gl [ 1, 2+¢(0°(Xs)ds as. Vz,t and B is a standard Brownian
sheet.

So far, we have proved convergence of the marginals of a generic family B, of probability
measures to corresponding marginal limit distributions. It is easy to verify the compactness
of P. The proof follows standard arguments and is omitted here for brevity [see Billingsley
(1968)]. Weak convergence then follows. In particular, as A — oo, the process (indexed by
(t.a) € R3)

(.Yg ; Lx(t, a) H “%'X{LX(tv %) - Lx(t,O)})

converges weakly to
(Xt : Lx(t,a); B(Lx(t,0),a),

where (B(s,a) ; (s,a) € ®?%) is a standard Brownian sheet independent of X [For the
independence property, see Revuz and Yor (1994, Exercise 2.12, Chapter XIII)|. Then, a

simple generalization of the previous finding to spatial location r # 0 gives
1 a d
SYMLx(t.r +5) = Lx(t.r)} = B(Lx(t.r),a),

as A — oo, and this proves the stated result.

7.5. Proof of Theorem 5.1

First, consider the quantity

T _
/ L g(Xe=%gs.
0 h‘n.f h‘n,T‘

From the occupation time formula, it is easy to see that

T 1 Xs —z, dX] 1 a-z, 1 —
K(=S s - /m K Lx(T,a)da
/0 bt ( bt )az(x,) oo P (hnT )02(a) x(Ta)
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Consider the transformation a — q where ¢ = (a — z)/h, 7. The previous expression

becomes

o
1 _
/_m K(Q)WLX(T, h, 749 + z)dq.

As in the proof of Lemma 3.5, notice that, for a fixed ¢, the map a — ;}(;5[,;‘ is a.s.
continuous with compact support by the properties of the diffusion function and the local
time. We know, in fact, that for any continuous SMG M, there exists a version of the local
time such that the map (a,t) — L{ is a.s. continuous in t and a [Lemma 3.2]. Hence, as

n — oo and h, 7 — 0. and since ff"w K(q)dq = 1, by dominated convergence, we have

had 1 a2 a.s. 1
—_— = da %5

—QC

= Zx(T,I).

Thus, to prove the stated result we just have to prove that

A= XiA =—Z T
"'TZK(———‘A"-T ) - / L g(Xe=Z)g5 2,
h’n,T i=1 h‘n'T 0] h‘n,T h’n,T

under the stated conditions. This is equivalent to proving that

1 n—=1l A(i+1)T/n Xia WF T X
— / _ [K(_Tz—) K( ,: —
h’n'T i=0 iT/n nT

nT n,T
-—=K( ) —K(
hn,i—" hn.T h‘n.T h'n,T

But, the left side of the previous expression is bounded by

p nol /.(i+1)7'/n K( Xia, 7~ < X, -z
iT/n hn.? hn.T’

h’n,T i=0
Xo—-z

A =
g & K(
hn,T

hn 7

1 o [T/ K-z [ Xe—Xia,, A7
h_|§:/ K(;:_ | =t ) e+ 20532
nT ;=g JiT/n T nT

)

IA

1 (i+1)T/n , ~i _
nT ) PaT S5 JiTn hoT

where X;, is on the line segment connecting X and Xia_ 5. Define

](X -~ Xia, )|d3+2ch:;' (7.3)

IN

F = max sup X: — Xia_ =l 7.4
nT i<n ;A —<s<(:+1)AnTI ! ST ( )
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By the Hélder property for continuous SMGs [e.g. Revuz and Yor (1994, Exercise 1.20,
Chapter V)]

‘B([tZO:limsupIXL;;——X—‘I>OD =0 a.s., (7.5)
e—0

where P is Lebesgue measure on R, and (7.5) holds for every a < % In turn, (7.5) implies

that
KnT

-3 = a.s.(l)
()

for every a < 3. Hence, if h, 7 is such that +1=(A, 7)* = O(1) for some a € (0,1), then
' n,T ’

(7.6)

K,
h = - - = 0g.5.(1) (7.7)

as n — oo. In view of (7.7) we have

K Xis =z} _ K (X’ g +o.,,,(1)) , (7.8)
h’n.T h‘nf

uniformly over i = 1,...,n. It follows from (7.4) and (7.8) that (7.3) is bounded by

K = nol L+ D)T/m| - A7
nT) L }:/ K [ £=F fon1) )| ds + 20,22 T
h‘n.? hn,T i=0 YiT/n hn.T h‘n.T’
K, F 1 T X, — A nT
< nT —/ K |[2"Z o, ,(1)) ds +2C3
(hn,T) h‘n.T 0 ( h’n,T h‘n.T
Kn T 1 ®l . (p-z - A nT
= [Zn K +0aa(1) )| Ix (T.p) dp+2Cs
(h'n.T) hog J-co (th—' - ) T:p) ho 1
K= A
- h"'T /m |K (q + 0a.s(1 )| Ix (T qhnT-l-:z:) dq +2C3
nT -0 nT
KnT = 2C An.f‘
< G hor Ou.s (Lx(T,z)) +2 35 =
n, n,

for some constant Cy, by virtue of the integrability of K’ and the continuity of Lx. Since
A
h—"?" — 0 and —"f—; — 0 by (7.7), the bound goes to zero as n — oco. This last observation

establishes (7.2) and thereby proves the stated result.
7.6. Proof of Corollary 5.2

IfT —ocoand L = A, 7 — 0, then 2L A" Ly K(ﬁ%‘f——z) converges to L x (oo, z) provided
ha1 — 0 (as n — o) in such a way tha.t Le(Tz) (A, 1)@ = Og, (1) for some a € (0, 1) and
y h'l.T 2
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é"—l — 0. But Lx(00,z) = Lx(sup{t : X; = z},z) a.s. [Revuz and Yor (1994, Proposition
1.3, Remark 2, page 214)]. And, if the process is recurrent, then Lx((sup{t : X; = z}),z) =

oQ a.s.

7.7. Proof of Theorem 5.5

We start by considering the expression

Bazgon | K(THRIT)2 (x.-Am—vz(an.r))

hn,T -
X, (7.9)
An =L 21.::1 K( A )
XuA
7;,— K(T—) (XiA...r) (7.10)
An T Zt—l K _Y_‘?':_l_z)
First, we examine (7.10). We want to prove that for some ¢ > 0
X, -~z
%:_% n K(_‘E-‘L_)a?(x,-%,) 1)
oLy ()

./0 K,-\'-K }i: £)o (X )d8+003 (*‘ELX“(T‘Q (An,T) 1/2 )+Oa.a. (%2;1-:) (

= -2 (7.12)

Iy & r=K($E)ds + 045, (—"@(A )1/2—6) +0a, (A-_T)

hn.T
For the term in the denominator we can utilize the argument used in Theorem 5.1 and

Corollary 5.2. As for the numerator, we lock at the quantity

T - B
Xian T 02(4 idnr) — h:TK( X,‘:n TI)JZ(X,)ds (7.13)

Given the properti&s of K(-), the assumptions on o(:), and proceeding as in the proof of
Theorem 5.1, (7.13) is seen to be bounded as follows

e :0 /::UT/"[Kﬁ‘%{—”’)oz(xmﬂ_,) —) (X, )lds
LK) xe) + 2 (X"“,;n-;‘z)a*(xnm.r)
< Hl; g /l_::m/n[ ,:n_TI iAn,r)—K(i(%"T—T——z)az(XiAmr)lds
e ;: /t_::”m[ (51 (%e) = KO0 K )l + 2300 (20
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1 2l ot/ ¥ o Xs - Xia, r
1 i )| %(X,
s hn,T ;[T n K ( h’"vT ) ( h’"vT ) ( A"'T)
1 |22l pG+0T/m -z Ant
— s d 2 Q.s. -
+h,..'.? ,-Z;/i:r n [ bhn1 (7X2) dz(X'A"'T))] ¥| #1260 (h'"'T)
< (_2_;) El? <Xf; + Oq.s. (1))‘02()(, + 04.5.(1)) ds

+#0.70u.5. (Lx(T,)) +2C300.( iﬂ:)

where kn, 7 = MaXi<n SUP;A_ ~<s<(i+1)A 71 Xs —Xia, 7| as before. Under the stated condi-
- nd —"— n, ,

tions as n,T — oo, that is h, 7 — 0 and

Zx (T,z)
hnT

for some @ € (0,. ) and é"-i — 0, the three terms are negligible in the limit and formula

(An1)® = 044.(1) (7.14)

(7.11) holds for some € > 0 such that a < § —e. Next, we prove that

foT =K (-&‘—’) 02(X,)ds + 0. (E;_%I(An' 1/2-:) + 04, (t_)
fo hﬂ ();ﬂ—:) ds + 0g.q. (é%“%tl(An'T)lﬂ—e) +0,., ( )

o*(z)Lx(T,z) + 04.4.(1) a.s.
2-.X (T,z) + 0q.5.(1) - 02(1.) (7.15)

By virtue of the occupation time formula, Lemma 3.5 and the fact that h, 7 — 0, we have

T 1 X, -t 1 [>_(p
A hn.TK< P )ds = H}/_wK(hur)L"(T")

= K(q) Lx (T,qhnr +7)dq

-0

Zx (T, I) + oa.s.(1)1

giving the required result for the denominator of (7.15). It remains to verify that

T 1 Kems
0o har hat

Using the occupation time formula again, we have

Tl K(X by )az(X)ds Tl K(X ) d(X]s

0 har f:.
/_: (—h;—) Lx(T,p)dp

)0%(X,)ds = 0*(z)Lx(T, ) + 0a.s.(1). (7.16)
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- [ﬂ K (q) Lx (T, hnrq +z)dg
= Lx(T,z)+ 0qs.(1)
= A(@)Ix(T,2) + s (1),

establishing (7.16) as required, and then (7.15) follows. We now turn to the analysis of
(7.9). It is sufficient to prove that

Ma 7(iAn,7)-1 2
1 [Xtanr)s+anr — Xuidnr), >
. . n, . - XAn =0..1. -7‘17
M, 1(i8n,T) 2 Ant (Xianr) = 0as(1). (7.17)

=0

in order to verify the stated result. By stochastic differentiation we have
dX? = 2X,dX, + 0% (X,) ds = 2Xsp (X,) ds +2X,0 (Xs) dBs + 02 (X,) ds,

so that

2 2
XiiAn1)y+Bnr ~ Xilidn.r),
t(iln,1)j+48n,T t(idn T); +An.T Widn 1)y +dnr
= 2 / Xou(Xs)ds +2 / X,0(X,)dBs + / o2(X,)ds.
t

(iAﬂ.T)J t(iAﬂ.T)J t(iA'\.T)J
Further
t(iAn.T)J'f‘An.T ‘(iAn.T))+An.T
Xt(iAn.T)j'f'An,T = X!(iAﬂ,T)J +/ /.l(X;)d8+/ O'(X,)dB,, (718)
t(iA'I.T)] t(iAn.T)J
so that
2
[Xt(m...r), +Bnr ~ X:(iAn.n,]
- 2 2
= Xiianr),+dnr = 2XeGan ), 00 r Xttidn r); + Xifia, 1),
2 2 t(iAn.T))“’An.T t(idn 1);+8n.T
= Xt(iAn.r)j‘*‘An.r —Xt(iAn.T); - 2Xt(iA“'T)J / #(Xs)ds + / a(X;)dBs
‘(iAn.T)J t(iAﬂ.T)J

/t(iAn.r)J+An.r ) (Y ¥ ) (X.)d ‘(iAn.T)]"’An.TQ (X X ) (X.)dB
= 2| As— : 7] S + / - : o
t(in.1), $ SHidar) ‘ tiBn.T), * 7 Hbar) e
t(idn 1))+,
+ / o?(X,)ds.
t(idn,T);

Then

2
[Xl(iAu.T)J+An.r - Xc(iA..,r),] = *(Xianr)AnT

/t(iAn.T)j+An.T2 (X t(iAn,7);+ 00T (
- ' de+/ 2 (X, = Xyin. ) 0(X,)dB
iAn7); s t(tAn,'r)) 1(Xs) it r); s t(tA,.'T)) (Xs)dB,
t(idn 1)j+An,T
+ / [63(Xa) - 0*(Xia, )] ds.
t(ilAn,T);
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It follows that

Mo, 7(i8n, 7)1 [X

2
1 t(iln,1)j+Bnr ~ Xi(iAn.T):‘]

—._.__ _ 02 X'A
Tnn'T('lAn'T) j=0 An,T ( t vt.T)
1 My, T(‘An T)-1 t(iln T)J""An T
= ' X, — Xy ) (X,)ds
My 7(1AnT)AnT j -/(tA., =y ( 1 t(idn,1) ) L s)
1 M T T)=1 4GAL 1);+8nT
+ - 2(x — Xy )a’ X,)dB
m'n,T(zAn,T)An,T =0 '/t(iAn.T)J s t(idn,T) ( 3) s
My 7(iln,7)-1 . ,
1 : . /t(nAn.r)ﬁAn.T 2 ,
+ - X,) - a(X; ds
M, 7(1AnT)AnT Z_;) Hidm ), [0°(Xs) (Xianr)]
My r(EAR 1)1
1 1An T)J+An T 2
= - X,) = 02(Xy: ]ds
m—n.T(lAn,T)An,T{ Z /(mn ), (Xs) ( t(tAn.T)J)
'nn.T(iAn‘T)_l c(iAn.T)J+Aﬂ_r \
+ . [ CKuiaars) = <XfAn.,)J s}
j=0 t(idn,T);
1 ﬂh\.T(iA“'T)—l t(iA“_T)J +Au_1'
M 2(X, - Xiap) 7(X:)dB
rn'an(lAﬂ,T)An.T Jgo ‘/t;iAn,T)] s t(lAﬂ.T) § s
+C504.5.(knT)
= C60a.a. (Kﬂ,T) + CTOQ,S, (En'T)
. mﬂ.T(iAn.T)-l t(tA ) +A
Kn T n.T)y n. T
+Oq.s. — / o(Xs)dBs | . 7.19
o oo e DR SO B A

It remains to determine the order of the last term of (7.19).
Define yyia, r),+anr = j;t((,f: TT))’ *haT 0(Xs)dBs, which is measurable with respect to
%z(iAn'T)j+An.T’ Where %t(iAﬂ.T)J+Aﬂ.T - {A e % . A{t(ian"]’)] -+ An'T S t‘} 6 %ﬂ-Vt 2 0}

for all j < m, 1. Further,

E (yt(iAn,T),+A,.,7-) =0,

and, by the Ito isometry,

/t(iAu.r): +Qa,T

Ot(i s 1) +Bm,r = VOT (yl(iAn.T)j'i'An.r) =E ( o’ (Xs)ds) < oo

t(iAq,T);

for all j < my 1. So, (y‘(iAn.T)j'*'Aﬁ.T’%t(iAn.T)j+An.T) is a martingale difference sequence
with zero mean and variance 04(iAn 1);+An r- Invoking a strong law of large numbers for

martingale differences [e.g. Hall and Heyde (1980, Theorem 2.19, page 36)|, we have
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My, 7(iAn T)—1
mn'vT (iAﬂ,T) yt('A'l.T)j +An,T

=0
1 M. 7(18n,7) =1 /‘t(iAn.T)j+An.r
= — o(X,)dB; >0 as n,T — oo,
mn'T(lAn,T) j=0 t{idn,1)j ’ ’

as my, T — 00 (Vi). We now explore the rate of convergence. Consider,

my, 7(idn 7)-1

1 T, tidn. 1)y +AnT
e lar 2 fmn_,),, S(X,)dB,
_ 1 L I 10x,a, oY plentt S T 0(X,)dB,
AnT ?_:;T- 2i=1 Y1X,a, 7= Xia, pl<enr}

1 n—ll
a1 &j=1 X8, 7~ Xia, i<enT}

f(]+1)An T U(Xg)dB_,

AnT —n
%n1 Zj-"l l{liAn,r ‘X‘A“'Tlsfn.’r}
First, analyze the numerator of this expression. Write,

[nr]—1 )
xxA".T 1 G+1)AnT
U,r™T(r) = Vaar|s— ) X5 ~Xuts gl <enr} o(X,)dB,
&n,T j=1 ’ Jda,r
g et G+DAn T
ol =D DT TR / o(X,)dB
T 3
x' 3 » -
U, ;"’T is a continuous martingale whose quadratic variation process (Up |, is
[ar]—1 )
X.a 1 (j+1)An,T
Upr™lr = — YiX,a . —~Xia ,i<e / a*(X,)ds
4En,T ; 18n,17 An‘Tl— aT} iBnT s
1 [nr]-1
— 2
- deqT Z I{IXJA'.,_T' tAn’Tlsin.T}a’_(XjAn.T + Oq.s. (1))A‘n.T
£ ]‘=1

1
= 4En.T ‘/O—ﬁ l{lx'- |A“'T|Sen,T}o'2(Xs + Oq_g. (1))d3 + Oq.s. (1)

1
= §L('I‘T, Xia, 1) + 0as. (1)

1 -
= 502(XiAn,T)L(rT9 XiA,.,T) + 0qg.s. (1) .

by virtue of (3.5). Now, as in Theorem 3.4 in Phillips and Ploberger (1996), expanding the
probability as needed, we have

X; 2 x
(Un;""T) /[Un,;n'rh =Oﬂ-s-(1)1
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and then it follows that

An, 14 (J+1)An T
Avt,T 251..: Z;:’:} {IXJAn T xtAn T|<5n T} f U(XS)dBS
VLT Xia, r)enT —
25., T T L= t HiX;a, p~Xa, plSen}
= OQ“Q.(].).

This result implies that the bound (7.19) becomes

1 1
C, + + CokinTO =
s(KnT + En,T) 9K T a.s. (\/L(T,XiAﬁ_r)ean)

AL/26
= 0as(1) +0(1) +0qs. Nis ;T ) =3
b iA'l.T En'T
1/2-6
Since —mmmmnil 22 0 by assumption and in view of (7.6). This proves the stated
;;L(TX‘AnT)EnT

result.

7.8. Proof of Theorem 5.6

We write the estimation error in two components as follows:

X
2L YL K(CRIoar(Xians)

— - o°(x)

X, o
AnT Zt—lK( A T )

ey n, x‘n
“"ZMK<°T)%AHMA R K(ERIS) Xia, )

Anr an Ant ’(.A X8, 1=
Baz gn | (Ftar) buz g g(Fber)

:cr;V
X, An X. nT %
BI)0 (Xianr) 022 R2L YL, K(= L)

-

An' YIA"' -z XIA“
'T,.TTZ i=1K(—‘hn.’; ) Iy KR

1—1

~

te; B
term V + term B.

Roughly speaking this is a decomposition into a bias term B and second effect, V. We start
with the bias term B. Combining the two fractions constituting B, the numerator of the
term is

ZK( ’A"T %) (0*(Xin, z) — 0¥(z)) .-

x—l
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By the mean-value theorem, the occupation time formula, and using the same approach as

in the proof of (7.11) above, we find that

Aﬂ,T - XiAn.T — I AP . .
e ZK(T)QU(-’L‘i Jo (z7)(Xianr — )

_ L / K(Xs tous (1))2a(f(xs,z)+oa‘,.(1))x

hn,r hn,1
%0 (f(Xer) + 0as. (1)) (Xs = 2 + 00,0 (1))ds + 0. (Lx(T,2)(An1)/27%)
- ﬁ B K(‘;;:)za(f(a,z))o’ (f(a,2)) (a — 2)Lx (T a)da

+00s. (Lx(T,2)(Anr)2)

for some & > 0, and where z} = f(Xia, . Z) € [Xia, . 2] Vi. If we multiply by h,._lr" then

the first term becomes

Hl.; (h—nl—r /: K(in':)m’ (f(a,z)) 0 (f(a.z)) (@ — z)Ix(T, a)da)

- s [ KGEEe (faae (flan) (52 LT oo
= [ K021 @Lx(T, 2+ hugelde + 00, (1)

= /GcK() (Z_((j)))Lx(Tx+h,.Tc)dc+oa,(1)

F ( ))(Lx(T£+hnTC) Lx(T,z))dc +0q4(1),  (7.20)

since f cK(c)de = 0. By Lemma 3.5 and neglecting the term of smaller order of magni-

tude, (7.20) has the following limiting form as functional of a Brownian sheet B :

/_:cK(c)4<a((:))) \/___(LxTz+hﬂTc) Lx(T,z))dc

(Lx(T,z + hn1c) — Lx(T, 1)) dc

Y EAC]
- 4(«(2)) [ K=

:‘»4(%(%1) /_: K(c)B(Lx (T, z),c)de (7.21)
4y (%’)’) VIx@a) [ eK(B(1,c)de
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Now, define G(u) = [*_ cK(c)de, and integrate [°_cK(c)B(1,c)dc by parts, giving

/ ~ K(0)B(1, c)de

= G(c)B(1,0)[% - mG(c)d%(l,c)

—0oQ

= - G(c)d®B(1,c)

2 B( / ” Glo)de)
< B(p/4) (7.22)

where p = — [%_ [ 2]a ~ blabK(a)K(b)dadb. In consequence,

1 An l T
(hn.T) 3/2( TZK( A" (oz(X‘AnT) 0'2(1’)))

4B (4«: (o (z))l_%x(Tv x)) ,

where B is a standard Brownian motion independent of Lx(7T,x) and ¢ is a constant of
proportionality equal to 2(f, f) where (f, f) is called the “energy” of the function f(s) =
sK(s), i.e. (f,f) =~- /0 I |a — bjabK(a)K(b)dadb - see Revuz and Yor (1991, Lemma
2.7, Chapter XIII). In turn,

Lx(T\z) (%- T K(C5 ) (02 Xia, 1) ~ 02(2)))

(hn,7)3/2 X, -7

med DL KR
48 (140 (7 @)’)

4N (0,4<p (a’(z))z) .

Next consider term V :

V=%Tl =1 K(X'A": ") (@2, (XiA,.T)—f(X:‘A..,r))

An xlA
E‘:TZ} =1 K( )

The numerator can be written as

AnT = gy Kidnr =
_hﬂ_z_j A" St %) (32 rXinnr) - 02 (Xin, 1)) =
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2
An T Z K( ‘An T I) ZJ=1 l{lXJAn T—XIA“ T'<5n r}T [(X(J'*'I)T/n XJT/n) - Uz(XiT/n)An,T] .

1—1

2 5=t LiX,a, p—Xia, pl<enr}

By Ito’s lemma [see the proof of Theorem 5.5]

2
(XG+1yr/n — Xj1/m)
G+1)T/n G+1)T/n
= / 2 (Xs - XjT/n.) [.L(X_g)dS +/ 2 (X, - jT/n) O'(X_,)dB,

iT/n iT/n
G+1T/n
+ / . o (X,)ds
iT/n
Hence,
-1 2 2
Anr i K( Xia, - z et HiXa, p-Xea, plSent} T [(X(j+1)r/n = XiTn)" —°( iT/n)An‘T]
hng ha,T Yi=1 iX,a, p~Xua, pl<en}
1 (G+1)T/
_ AnT i :A.. r— .L’)ZJ— ]-{IXJA,t r~Xia, pi<en, T}T [L%/n § (02(){3) - dz(XiT/n)) ds]
h'n i=1 ZJ= I{IXJA,"T "XiA"'Tlsin.T}
(An.7)
-1 G+1)T/
Z K Xia, r -, 5o YiX,a, p ~Xa, plSenr T [f,%/n "2(Xs =~ Xjrm) 0 (Xs)st]
v h"vT E?=1 l{l'YJA“‘T—x‘An‘TISEﬂ.T}
(Bn.r(1))
J+1)T/n
P :A,.,- I)Z,-l {1X,8,, X4, 71<en, r}T [f;T/u 2 (X, ‘XJ'T/n) F‘(Xs)ds]
Z]=l I{IXJA,"T‘XtA,“Tlsen,T}
(Cn.1)
= Aar +Bn7(l) +Ch 1. (7.23)

These three terms comprise an additional bias effect, A, r, a martingale effect. B, 7(1),
and a residual effect, C,, 7. As we shall see, depending on the bandwidth choices, either

A, 1 or B, r may dominate. First, examine fr’:"-T;Bn,T(r), which takes the form

Anr Xia,r— <
= — K X
hnr ; S hnr )
n-14 (J+1)T/ﬂ
8 "2,/:1..7 ZJ‘=1 {IX;a,, T-X.A,, ri<énrt} \/ [ iT/n 2 T/n) a(X, )dB,]

2L Y 1(1X,a, p—Xia, pl<enr)
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The martingale B, 7(r) has quadratic variation process which can be analysed as follows,

using the same approach as that employed in deriving (7.11),

[Bn.T]
1 Anr 2 [nr] [nr] 'A“ chA,, -
= K T K L X
(\/En Thn T) ;kz_:l ( ( hn.r )
n-1 T 2
o1 L0, - Xua, pl<en L {1X,a, p—Xean pl<enr} Bp [.!;('.I}';—n) ™4 (Xy = Xj7/n) 02(X,)ds]

An 1
(25,, T ZJ— 1{|X,A,‘ r—Xia, r/5€n, T}) (_ Zj:l I{IXJ'A,.,T -XkAn_TlS€n.r})

_ ( ) /[Trl /{Trl —x)K(X;;;x)X

y = Jo L, Xai<en r} L1 X0 - Xul<en 710 (Xb + 0ae.(1))
T
(25,1. T j;) l{lxh" X.l<en T}db + Oa. 5(1)) (—1_ .I;)T 1{|X,,—X.,,|S€n'r}db + oa.s(l))

'Y'od 3(1

- (hnr)/ /m g

=% dblub—=|<en T}l{lb°ul<€nr}a4(b)LX(T b)Lx(rT,s)Lx(rT,u)

x En,T
(5 % Lip-sisenrs Dx (T.0)db + 00.s(1)) (27 [0 Lipmuisen st Ex(T- )b + 0as(1))
+0a.5(1)- (7.24)
Let
7T cand 2= Z =
hn, har

Then, (7.22) is

/_: /; oada.deK(a.)K(e)x

y s [ oo L bz —ah, ri<en 1} L (lbz-ehn ri<en 1} O)Lx (T, 0)Lx (rT, £ + ahn1)Lx (rT, 2 + €hn,T)
(25:,7' f:u I{Ib—:t—ah,,,ﬂSe,,,r}IX (T’ b)db) (25:1 ff:o 1{|b—z—eh,.,1[55,,.7}ZX(Tv b)db)

+0q.5(1),
and setting
b—=z
=z
EnT
this becomes
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/ Y dadeK(a)K(e) x
2 dz21

A1, 1 h
© " Iz g2 IS1} {Jlz—e 2 <1}

cr“(:z:)fx(T. T+ zen'r)fx T,z + ahn'T)Zx(rT, T +ehpT)

X

T ~

(% Iz, 1{;:—«'::“—';}51}IX(T’2 + zsn,r)dz) (% % 1{|z—efﬂ|<1}ZX(T’z + zsn'T)dz)

+0g.5(1).

Now, if hy T = 0o(en,T), then

a.s. (Lx(T’T,I))2
B, 7l = 20t(z) =
Brl = 20%() Lx(T,x)
If hn1 = O(en 1) With by 1/enT — ¢ >0, then

(Cx(rT, 1))

B % 20,0% =
{ n,T]r o0 (I) Ix(T.2)

where

0¢ = /w Feo dadeK(a)K(e) % f-iww l{lz-mlsl}l{lz"m‘sl}dz
—00 J-00 (% ffcoc 1{|3‘¢°|51}dz) (% fjcoc I{IZ-MISI}dZ)

oC ~+0C 1 oc
= / dadeK(a)K(e)3/ dz1{j:—gpai<1} L {[z-0e<1}
= J-x

-0 J—=CC

1 +00
= 5/@/ dadedzK(a)K(e)1{j:—gaj<1}1{jz-o0e<1}
- J-x J-x

1 (=+1)/0 (z+1)/0
= 3/0/ / dadedzK(a)K(e).
S J-xJ(z-1)/o J(z~1)/0

By earlier arguments [e.g., the proofs of Lemma 3.5 and Theorem 5.2] this implies that

enrLx(T, 1) ( B r(1) d
: = N (0,20%(z)) (7.25)
Xia oo J
An,T Aﬂ"n:; Z?:I K( A“: : z)

if hnT = o(en,T), and

enrLx(T,7) B..r(1) g )
AnT ( AnT v K( Xia, —:) - N (07 20,0 (I)) (7.26)
]:»T i=1 E'T

if hn = O(enr) and hyr/enT — ¢ > 0. Next, examine A, :
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An,T

_ Bar Xn: zA,. .- :r Py 1{|x,An r=Xia, rl<en, T [fj(%ﬁ)wn (03(Xs) — ¥ (Xirym) ds]
b i=1 21—1 l{ixm,. r—Xia, rl<enr}

_ Aar nA.. . Z,-l L0X,a, 1~ Xiap, pl<enT} T [ff%;}mn (6%(Xs) — c*(X;7/n)) ds]
"~ har ; =1 HiX,a, p-Xian rlSent) |
LAnz & (X,-A,, roz) o Y Ly, - Xoa, pienr} (F2(XiT/m) = 02 (Xizjn))

h"T hnT A:TT Y i=1 Wixa, - Xia, plSent)

= CIOOa.s.(Kn T Z K tA“ T

An T n‘l

ZK X; A,,T £ Far 11X,a, 1Ko, pi<eart20(25)0 (25) (Xi7/n = Xi/n)

AnT
En,T Z]=1 {I‘Y)A“‘T—-¥lA".T|Seﬂ.T}

where ko7 has its usual meaning and zj; = f(Xjr/n,Xit/n) € [XjT/nsXir/m]- Then,

proceeding as in the derivation of (7.11), we find that

An,T

. g T dul (- uigen 1120 (F (X X0) 0 (F(Xur X)) (X — Xo)
= h,.T/ K (5 b

1 T
2en,T -I;J {IX..—X.ISE,‘J}du

+oa,(1)
_ f dulyy_g<e, 20(f(us)a(f(us)(u—s) _
- 5 / ds K(s )“‘"T vdisenr) Lx(T,w)Ix(T.s)
T =
+0q.5(1).
Let
s—z u—1
ot = ¢ and paps =a
then
1
—A
EnT wT
™ ey B o Lveem btz )20 (02 + o) o (G0 + o)) (= 2 cha)
= (o4 - — x
~oo 7 [0 Llu-z=charigenr} Lx (T, u)du
xLx(T,u)Lx (T, + chpr)dudc
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0 (f(&+aenT, 2 +cha1)) 0 (f(z +aEnT,3 +chn7)) (o — c2T)

P La-ctnz <) &n.T
- F K(c) : - _ x
—oo

2 J—oo l{la—cﬁiKl}LX(T’ T + aepT)da
&N T

xLx(T,z + acn1)Lx (T, T + chnr)dadc + 0g.4(1)

f_w dal o(z)o (z) (a - c%%)

hn
- / deK(c G Lo
LX (Tv 2:) + Oa.s.(l)

(Zx(T,.’L' +ae,T) - Lx(T, :L’)) Lx(T.z)

+04.5(1).

because f:o 1{,51<1}9dg = 0. Hence, if hy T = 0(€n.1), using Lemma 3.5 and proceeding as
in (7.21) and (7.22) above, we find that

31/., — A, 4N (0 4p* (a'(x))zfx(T,:z:)) :

nT

- * 1
ot o= =2 /m la — blab ( 1{1a|<1}) (Bl(lblsl}) dadb
—-00 J - =

1 i i
= -3 / la - b] abdadb = 0.2666,
2/

where

by direct calculation. Then.

ZX(T z) AnT d ' 2
: | 4N (0,4 * (o' (z) > : (7.27)
32 X - ¥
n.T (-—‘i:.f S KR (71=)

Next, if hn 7 = O(en7) and hy1/enT — ¢ > 0, then

1 oc , he.
\/su.T f—& dal{lﬂ—c;‘i|51}a(x)a (1') (a —_— C—%)
dCK(C) — n,T <
e Lx(T,z) + 0a..(1)

X (Ix(T,l’ +ag, ) — Zx(T, .’t)) Zx(T, I)

o (z) 1 [
- 2(0(1)) [ aexo (5 i wdal{la-cpclﬁ}) (@ = 06) <= (Lx(T.2-+ ata) - Lx(T. )

+0q.5 (1)

L‘.4(" (2) ) / deK(c) ( / dal{la_mq}) (a - 6¢) B(1,a)

Now, define Gy (u) = [Z_ [ K(c)(a— ¢€)§1{ja—gci<1)deda. We proceed as in (7.22) above

and integrate
1
[~ acke) (5/ dal{la—¢c|51}) (a - ¢¢) B(L,a)
-0 -0
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by parts to obtain

/:: dc (/oo daK(C)-l-l{la_mg} (a—- d)c)) B(1,a)

= Gyul(a)B(1,a)|=, / Go(a)dB(1,a)
= - / ~ Cola)dB(1,a)

<8(/ ~ Gy(a)da)

2 B(d,/4),

where | 0 reo e e res
=5 J 20 J 2o [0 [ [ K(8)K(c)a=08)1{|qoqi<1}(8=08)1 (jboui<1} (3~0C) X
X1{|a—~pei<1} (b—9€)1{|a_oci<1} Lo<u<a) L(o<wsn) dadbdedsdy.

Hence,

1 2_
=z AnT SN (0 49, (‘7 (-"—')) Lx(T,I)) ,
5.nT

and, in consequence

V ZX(T’ I) ' 2
A )4y (o, 49, (cr (.7:)) ) : (7.28)
3/2 An n X'A-n.T T
€aT it Y K(—25—)

As for C"'Tx ——, this term can be bounded as follows,

-1 G+1T 1
T n (X-A,.‘T-I) D 1(|x1 —Xia,, riS€,T}T [fﬁ"/n /"(X.-— J‘T/n)l‘(xl)d"J
]:,T i=1 haT ZJ"‘ ('XJA,"T-X'An.TIS"“T}

XIA'.'T -z,

el T K(-3eL=)

_ An T
— OQ_’. T ——
en‘TLx (T, T )
Then, defining the overall estimation error as

- + X.A

+
l Xt
2Ly, K( i) ZﬂK( nIZ) gl :‘.l K(

and scaling by ‘/s_.%x_(ﬂ we have

E=B+

nT t)
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enTLx(T,z) [ By Lim K(X'A" L )G T(Xian 1) a?
AnT AnT Xia, r—% —o ()
’ _!_ z;—l K -T—)

T

— h3/2
En.TLX (T, 1’) {Op ( T ) + 05 ((An,T) 1/2—:‘)

AnT \/Z(T, z)
3/2
+0 ( An.T +0 En{T + Bn.T(]-)
a.s. = p — , [
enrLx(T,z) [Tx(T.2) i_:_rz s K(E}F)

ErT

1/2,3/2
e '~h ’
= Q0. n_T____ ~ Oa.s s n L =
p(/_A:;) -L-O‘_(l)+0¢,_< e'TLx(T,a:)) +0p(\/m)
en1Lx(T.z) ( B, r(1) )
X,‘ n ~I
S\ o R
N (0,20%(z))

-2 p—
from (7.25), for choices of ¢, 7 such that 7‘2‘% — 0, \/enrLx (T, x)  0and hyr =

& -
o(enT). If 7’&—% — 0, en7Lx(T,z) = 0 and hpr = O(enr) With hnr/€nr — @ > 0.

then

En,TZx(T,I) (h:: - 1K(X—‘Ah:'——)0'n (Xian 1) 2 )
- 0%(z)

An,T AnT Tn K( Y‘An.T I)

hn,T =1 T

4N (0,260,054 (z))

from (7.26), where 6, = 3 f_wf(zﬂ)/d’ f(ZH)M’ K(a)K(e)dzdade. Finally, provided that

z—1)/¢ J(z-1)/0
/2-¢
m — 00, \/Lx(T,:c &%),—— %% 0 and hn1r = o(enT), the A, T term dominates.
leading to
\/L::X(T,:c) ( A R3/2
Y=""""Jo —=n V40, | =2 | +o0us ((Anr)V/?
3/2 p P a.s. T
e { entLlx(T.2) VIx(T.2) ( )

+ﬁlz A;:L‘}:_Tj)} 4N (0,4‘;: (a"(z))2)

i=1

from (7.27), where ¢* = ~2 [0 [%_|a — blab (31{jai<1}) (31{pi<1}) dadb = 0.2666. Under

the same conditions, but when h, r = O(en 1) With h,1/enT — ¢ > 0, we have
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s.:/g’ En,Tz(T, :L’) An T 21_1 K( tAn T I)

+ AnT d , , 2
"oz "x¢“=’}’*N<Q4w¢+&¢+%)@wn))
hnp 1t &i=1 K( _h,.’?—)

from (7.28) and (7.22), where

Bo=§ [ [ o0 [0 [ o0 [ K($)K(c)(a—08)1 (10— pai<1}(b=08)1 (|- oui<1} (a—0C) X
X1{|a-oei<1}(b=9C)L{|p_oci<1} Li0<uga) Logugp)dadbdedsdy

= —/e° /w 2|a — blabK(a)K(b)dadb
and

oo
Ne = 4¢? /w /"== / /"' u(a — ¢c) K(u)K(c)l{[a-—oc|51}l(OSbSu)l(OSMSa)dbdudadc-
—o¢ J -0 J—ac -0

Notice that 7y is the constant (for a given ¢) of proportionality in the asymptotic covariance

between

1 ( B(1) B*(1)
3/2 n, X, n it n X, nT
& L K= Sl %’:%Zi:l K( ‘;,.'; )

and

1 ( Anr(1) ) _ ar(l)
ar \ BRI K(TRIT) | feren k(PR

The scalar 7, can be obtained as follows. Consider the process

[nr]
B'(r) = 7 ( =Y K(—p— IA"T %) (? (Xia,..r)-ffz(-r)))

:=l

= 4632 (%%) B uK(u)Q—\/I_E_;(Lx(rT,I-th,TU) = Ly(rT,z))du +0qs (1)

from (7.20). This quantity is distributed asymptotically [c.f. proof of Lemma 3.5 as a
martingale, viz

a'(z) 1 T
4 (Tz)) _/_: '“K(“)g_\/ﬁ ( _/(: 1(3SX-S=+hn,ru)U(Xs)st) du. (7.29)
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Now consider the process

A r(r)
1)T, :
[il xA.. r =%, _;em_ 3o Xy, p~Xia, pl<en) [11<%7n) ™ (0%(Xa) - oX(Xizym)) ds]
= K(
i=1 Z.’i=1 l{‘xJAn'T‘x\Aan|Sén.T}

CR Y

X (LX(T»-B'?'aen.T) —Lx(T,z)) +0as(1).

Again, from Lemma 3.5, the asymptotic behavior of this object is driven by the following

martingale term,

1 4 T
(%(%) /m dcK(c) ( /m dalua-ocnsu) (@ = ac) \/Eﬁ( /(: l(xSX.S:-f—e..,rc)d(Xs)st).

(7.30)

The covariance process between (7.29) and (7.30) can then be expressed as follows,

[An 1, B, .
= \/E,ll_(:b;;:- <a(x)> /m/ K(u)K(c)( /:1“0_“,51})

T
xu(a - oc) ( _/; Yz<X,<zthn ru)Lz<X,<sten1a)0° (X,)ds) dudcda

16¢%/2 '@\’ L foe
_ \/Erf - (r;((:))) /_: ™ Kk (; / - 1{,,,_«,51,)

o o]
xu(a — ¢c) ( / Yecacz+hn ru)l(z<scerenra)l x(rT,s)ds) dudcda

—oC

- A (%) [ (3 )

oC
xu(a — ¢c) (/ 1(0< sz <u)1(05;97’;-5a)LX(TT’ s)ds) dudcda

_ 16¢3/:n'h,.7 (a 1’)) /Q/OK(u)K(C( /Zl{k,_msl})

xu(a — ¢c) (/m Lio<b<u) 1(0< :+bhn -2, Lx(rT,z +bhn'T)db) dudcda
-0 n.T
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— oc 1

( ) LX("'T, -'l')/ ‘/w K(U K(C <§/Q l{la-dici<l}) (a lDC)
~o0 J -0 —o

( _/q7 (0<b<u)1(0<b¢<a)db) dbdcda

Hence,
[A:L.Tv B‘h
' oC
= 16¢° (a (:1:)) Lx(T,z / / K(u)K(c) < / l{la-misl}) x
-0
Xu (a - (DC) / l(osbsu)l(osws,,)dbdudcda
—-oC
and

; oC o0 o o] OC
mo=46 [ [~ " [ ula— 00 KWK o-sctyLososn Liossosadbdudade.
-0 )

This completes the proof of the various elements of the stated result.

7.9. Proof of Theorem 5.11

As in Theorem 5.5 we start by considering

Bt gn (ﬁ;ﬁ—’)(pﬂ(x.m) - p(Xia,r))

Py e (7.31)
Zl— —ﬁ";—)
X.
Anr Zz_ AnT )l‘(XtA,.T) (7 32)

Anr X'Anr -z
hn1 i= K( Ra.T )

Arguments like those in Theorem 5.5 enable us to prove that

%—;‘: =1 K( 'A“T )l“(XlA"T)
%11: 1=1 K( ‘AnT x)
fa =K () u(X, )ds + 0g.s. (—i—l(A )1/2—6) +Oa,, (%ﬁr)

I3 K2 )ds + 0ns, (MEE2An 1) 2 + O, (525

;L(.’L’)Lx(T I) + 0g.s. (1) as.
LX(T I) + 04.5.(1)

For (7.31), we just need to verify that

= p(z).
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ﬁn,T(XiAn,T) = I"(XiA",T) + oa.s.(l)- (733)

To do so, we bound

(iAn,
1 Ma,T 12 )= [Xt(lAn T)J'f'Aﬁ T Xt(l'An,T)j] _ #(XA )
Ma1(iBa1) 4 Bn o

using (7.18) and the Lipschitz property of u as follows:

m,, r{id, 7)1 .

1 (Xt o~ Xeidn.1);]
o ; l (Aﬂr),mA :T (BTl _ Xiar)
1 M (B0 1)= (iA, T), +Anr
- s L /t( )~ iy
1 M (80 T)=1  t(iAn 1), +AnT
+m,r(iAn.T)An.T yo /:( D), o(X,)dBs
1 M TCAnT)L ctiBn )+ Anr

= Oulnr)* o %, Lo ok

where k,, 7 has its usual definition. From the proof of Theorem 5.5, we have

! My 7(iln.7)-1 /t(,-A,‘,,), +An.T 1

" X_g dB_g = 0 s
Mn 7(iAn1)ART 7(Xs) N

t(ildn 1); B \/é'n.TZX(Tv- iAu.r)

But s,.'fo(T, Xia,r) %% o0 as n,T — oo since we control €n,T to ensure that this

J=0

property holds. Hence, the bound vanishes in the limit, giving (7.33), and the stated result

follows.

7.10. Proof of Theorem 5.12

Write the estimation error as

Aq, i
Ly K( ﬁ—’——)u,. r(Xianr)

X, - plz)
%l i=1 (—%n——)
X; o X
R L KR s (Xiaer) B2 T K(CRID i Xis )
- X. r xl
=2 K<—'—‘Z';.¥ ) A”Z.-IK( Bhar)
ter;V
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L s KR uXia,) | M@ PE T KR

A, X.A,, -z Aﬂ X.A"
h‘m: 1=1 K( < ) 2 Zl—l K( T )

~

:er; B
= term V + term B.

Consider term V first, viz.

-

Xi -T X
BT KR ) r(Xia,r) 2L T K251 ) Xia, 1)
,‘Yl n. I, - n, Lia, z.
A"’Z,-l K(=I=) e K(—f?;’—)

D D K(—“;:Lf) (Bn(Xitnz) = #(Xitn 1))

- XtA

Iy K _r:'.?‘)

The numerator can be written as

An,T - Aid,r — T, L
- ZK( ——LT——) (Bn1(Xianr) — (Xia, 1))

- Sury ZK( Xia,r — ZJ 1X,a, ;X plsenrtF [(XGe1T/m = XiT/m) = #(Xiz/n) Anr]
hﬂ, ﬂT Zj:l I{IXJA"'T—XIAn'Ttseﬂ.T} ‘

Notice that

J+1)T/n (i+1)T/n
X(j+l)T/n - X4iTin = / ,u(X,)ds +/ O'(X,)st.
iT/n iT/n

Hence,

n-l
g Cim1 Yix,a, X, pigenrt? (XG+Tm = Xir/n) = (Xizn) An,7]
Zj—[ {IXJA“'T—XtA"'T|S€n.T}

“ 'AﬂT )

r—l
T T,
ZJ_l X8, 7 —Xia, pi<enr}T [f,(%f,.) /™ (w(Xs) — W Xiz/n)) ds + [, (%7:’ e )dB]

Yi=t LiX,a, p-Xia, pl<ent}

T,
= AmT Z K( tAn T I)ZJ—l l{liAn r—Xia,, rlSen, T}T [f(%j-r:) /m (”(Xﬁ) - “(XiT/ﬂ)) ds]
\h"‘ i=1 hnr zj=1 l{lx:'A...r -Xia, rl<en1}

(AmT)
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f(]+1)T/ﬂ U(Xg)dB,]

AnT iK(XiA,,,T - l‘)zn—l {IXja, r—Xia, rl<tn, T [ iT/n
! hot E;:l l{lX,-A,,'T- ia, r!<€n T} )
(Ba.r(1))
First examine /€, TBn (), viz.
VerTBar(r) = An L § K( 1A}: %) 2‘/“_7 i 1 {[X’An r=Xia, riStnT} [L(%ﬁ o U(XS)str X
i=1 T 25,. T Z]"l {IX,a, r=Xia, rl<én.T}

The martingale By, r(r) has quadratic variation which can be analysed as in the proof of

Theorem 5.6 as follows:

[Bn,T]r

2 [nr] [nr]
,An 7. -r XkA,.T - X
= E E K( K .
( ) ( h—n,T ) 8

=1 k=1

1 1 n-—l J+1T/
» 4 (\/s.._r) {IX,A,, r—Xa, pl<en, iy Xsan1~Xka, 71860} [f iT/n "o%(X )ds]

An.T AnT
(25., T Z:J'- 1{|X,A,‘ T-XuA,. ri<en, -r}) (25,. T Zj=1 I{IXJA,,J—XI:A,"TIS%.T})

() [

45n.T -10 dbl{lXa-X.ISen.r}l{IX..—quSe,.,T}U (Xb + 0a.5.(1))
T T
(25 10 Lgs-sizen. r}db) (25 fo l{lb-uISEu.T}db)

- () [

it} RSO T}l{lb—ul<e,. T)ffz (0)L(T,b)L(rT, s)L(rT, u)

(zm [ Lpmsigen e T 5)a8) (25 [ Lomutsen r) ECT, D)
+0g.5(1).

+ 0q.5(1)

dsdudb

Let

Then,

/w da deK(a)K(e) x
—oc —00
4:.1.,7 Lo Bz ah, ri<en 1} {b-2~ehn ricen 3 EX (T 0)Lx (*T, £ + ahn 1)L (rT, £ + €hn 1)

(25.1..1' J2% Lp-2-ahn rien 1t Lx (T, b)db) (g‘—r T2 Yjomz—ehn ri<en 1} Lx (T b)db)

45
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+0,4.5(1)

oC -+-00
= / da / deK(a)K(e) x
—0Q -0
1 o)
mf_m dbl{l::;_ _‘_,‘_L,:‘ 1}1{‘ b_; __Kl}Lx(T b)Lx(rT T+ ahy T)L\r(rT z + ehpT)
X
1
( " T j—m {I b—z _2,_7"_|<1} (T b)db) <Fﬂ._7: .I:“m 1{':;2 —e hn T|<1} (T b)db>
+04.4(1)
Setting
b-z
=2,
&n,T

this last expression becomes

[-: da /-:c deK(a)K(e) x

: /55 dz1 (s=atez <yt (12—etnz l51}02(2)&(1:: + 26n,1)Lx (rT.z + ahn1)Lx (rT, L + ehnT)
% n, ¢n,

( St (Y. }L x(T,z + 2en,7)d )( 1 emete, 1}L‘((T J:+ze,.T)d)
+04.5(1).

Now, if hp T = o(€n,T), then

(_x(rT z))

1
B.rls % =0
Beth = 4 )

whereas if hy 7 = O(en,1) With hn7/enT — @ > 0, then

a.3. (_x (T‘T .’L‘
(B, T]r 3 ( _———Lx(T 2)

where 6, = 1 [%7 f(:fll))//: I :jll))/: K(a)K(e)dzdade again. Using standard arguments, as

in Theorem 5.6, this implies that

and

vénrLx(T,z) (Aﬂ rwrs ";((2_4“ . z)) 4N (o, %02(:1:))
i=1 -
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provided hy, 1 = 0(€nT). If hng = Olen;r) a0d hn7/enz — ¢ > 0, then

\VenrLx(T,z) (M "T(Q'A )) iN(o, %%02(:1:)).

ho T &vi=1 K(

Next examine A, 7. We have

An.T
1T,
AnT Xidnr =T ZJ-—l Ly Xjanr=Xia, rlSen, I} T f(%+n) I (u(Xs) = #(Xz'T/n)) d3]
— ZK( J4y J
h’ﬂT Z]"—‘ 1{!XJA“ T"XiA"_T{SE'l»T}

nT
b .A,. r—I Z:—x Y1X,a, p-Xiay 7Sear} T [J,(%Tn) "™ (W(Xe) - m(Xy/m) dﬂ]

= ZK

A
h-uT

ZJ— l{liA“'T xlAn'T isen.T}

An Qa1 -l
Xia,r — T Ty 2aj=1 I{IX,A,,‘T—X.A,,'TISe...r} ((XjT/m) = 1 Xi/n)

h Anr n
T 25n.T Z.?:l 1{IXJ'A,‘.T_X|A,.'1'155'|.T}

An,T Zn XiA..T -z

—4 OGJ ———
(1) (hn.T Pt K( hn.1 )) T
An,T n 1

=n,T
ZK‘tA“T z 26,.1'

i=1

{IXJA,‘ r=Xia, 7i1<en, T# T ( ) (XjT/n - XiT/n)
An 2n,T N
2%n,T Zj=1 {‘XJA,“T "xtAn‘T|$En,T}

where z}; = f (X;1/n, Xit/n) € [X;T/n, Xir/nl- Then,

An,T

= / ds K( :z:) 25”_[0 duly x,- X.|<e,,1»}ll (F( Xy, Xs)) (Xu — Xs)
= T mﬁ) L)X~ X,|<enr} U

— _1_ /-m ds K( .'1.‘) Z—ﬁ .Ifngo dul(lu—slﬁe,,.r}l-" (f(u,s)) (u—s)

+ 0q.5(1)

Lx(T,u)Lx(T,s)

hat hnr z&; ffom l{lu—JISEn.T}ZX(Tv u)du
+0g.5(1).
Let
- T -T
—_— = d =a.
hﬂ,T can &€nT ¢
Then
1
EnT Aﬂ'T
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/ K 25'1“ I22 dul gy zocn, pigen il (F,T + chn1)) (u =T = chn7)
- — X
En,T 25,1.',. fffx, l{lu-z—chn.rlsen.r}['x (T, u)du
xLx(T,u)Lx(T,z + chnr)
o 3/ dal _n;z|<1}“ (f(z+azn,2+ chn)) (a - c;"f%)
= / dcK(c) x
—oo

3 f-oo (la= AZ\([}LX(T’I+GE"'T)d

xLx(T,z + ant)Lx (T, T+ chn1) + 0a.s(1)

1 roo ! hn
1% d“lua_c;'%\su“ (<) (a - c_",}a;)

= /_ . dcK(c) ZX(TR,}) — (Lx(T.z +aen1) — Lx(T.2)) Lx(T.7)

+0q.5(1).

Hence, if hy 7 = 0(€nT)

. 2
1 —
5 /;A ar SN (o, o (%) LX(T..t))

where p* = -2 [%_ [ |a - blab (31{j4<1}) (%1{lbl$1}) dadb = 0.2666. Also,

\/LX(T~"')< Anr )_{ V(O o (P'(x))g)
)

3/2 f
Eﬂ{T Z‘l— K _AE“._T_
Analogously, if k1 = O(en,r) with hp 7/€n T — @ > 0, then

= ) ()
)

T\ By, ke o(z)

where
60:% f::o f—nex fjooc f_°°°° f: K(’)K(c)(a—m)l(la-oqsu(b—m)l(lb—onlsl} (a—oc) x

*1{ja~oci<1} (4=} {jb—gci<1} L (0gvsa) L (0gvgs) dadbdedsdy
Now, we analyze term B. From previous results it is easy to prove that

\/fx(T ) B

3/2 ( )
_ L!{(T z) ( X'Anr )[.L(XiAn,r) ) (x)%.z_’ 1-—1 K(_“ELE))
3/2 ‘-1 K(X.A ) ﬁ:: n K(X.A"'g z)
- LX(T z Er— K(X‘A )(lu iAg, r)— p(:l:)
- h3/2 K(X'AnxT )
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where ¢ = — [%0 [%° 2ja — bjabK(a)K(b)dadb. In consequence, defining the estimation

€rror as

A»nT + B, T(l)

E = B + X'An.T -z X'An 'I' -z
hn T Zz— [ ) ZI-—[ K( )

we can write

T

— o 50 K(Z52L ), 1(X,
\/e,.,TLx(T,z)<"” — ( yiw( 7))
—‘th—- K( nf — L )

3/2 3/2
L T €n, Bn.7(1)
vIx(T.x) v Lx(T,z) 9,,;";7 — K(—-_a_.x“’:; %)
+Oa.s. (An,T)l/2—6)

92 T n 1
= Op (enthil?) + O (A1) + fenrLx(T,2) ( C 3.% ; :))

Anr Z:— K(

+0a.s. (Anr) 1/2-6 VénT (ZX(T, 17)) 2

d 1
SN <0, 502(1:)) \

if hnt = 0(en,T)- If hnT = O(€nT) With AnT/enT — ¢ > 0, then

XtA,, T -z

AnT 0
- - t= K 1QnT
VenrLx(T.2) ("” A Vit )—#(z))

An, ch“
hn': =1 K( T )

4N (o, ée,,oz(z))

where 6 = § [% f((:"”ll))/f f((:+1l))//: K(a)K(e)dzdade. This proves the stated result.
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8. Notation

—a.s. almost sure convergence

—p convergence in probability
=,y weak convergence

= definitional equality

op(1) tends to zero in probability
Op(1) bounded in probability

0q.s.(1) tends to zero almost surely
Oa.s.(1) bounded almost surely

=d distributional equivalence

~d asymptotically distributed as
MN(0,V) mixed normal distribution with variance V'
14 indicator function for the set A
aVvb max {a, b}

Cr, k=1,2,... constants
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Part IT
Short-Term Interest Rate Dynamics: a
Spatial Approach

9. Introduction

A large body of recent literature has been devoted to the estimation of the short-term
interest rate process. There are several reasons to take an interest in this issue. First, it is
particularly relevant given the role of the short-term interest rate as a key economic variable
linking real and monetary phenomena. Second, interest rate model specification (often in
continuous-time) has implications for the pricing of fixed-income securities and derivatives.
Finally, interest rate levels constitute a traditional benchmark to evaluate asset pricing, due
to the fact that expected equilibrium returns are defined in terms of excess returns relative
to the risk free rate.

In continuous-time finance, the dynamics of the spot interest rate process is usually
modelled as a Markov stochastic differential equation. Stochastic differential equations are
completely described by two functions, the drift and the diffusion function. Parametric
approaches to the estimation of these two functions have yielded contradictory results. Ajt-
Sahalia (1996b), for example, suggests a semiparametric procedure to discriminate among
alternative parametric specifications. He rejects every conventional one-factor model of
the short rate but some recent evidence shows that his procedure has distorted size and
low power in finite samples [Pritsker (1998)]. Fully nonparametric methods have been
developed but they either rely on the existence of a time-invariant marginal density for
the underlying process (Jiang and Knight (1997a), Jiang (1998)| or stationarity is assumed
despite robustness to deviations from it [Stanton (1997)].

In this chapter, we implement a unified approach to the estimation of the drift and the
diffusion function of the short-term interest rate process based on the estimation procedure
proposed in Part I. As discussed earlier, we use functional methods. Minimal requirements
are placed on the data generating mechanism allowing for both stationary and nonstationary
systems. Cross-restrictions on the functional forms of the drift and diffusion function [as
in Ait-Sahalia (1996a,b), Jiang and Knight (1997a), Jiang (1998)] are not imposed, nor is
the existence of a time-invariant marginal data density either required or assumed [Stanton

(1997)]. In consequence, the approach is robust against deviations from stationarity. The
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available data is taken to be a set of discrete sample observations. Econometric estimation
proceeds by constructing refined sample analogues of unknown drift and diffusion functions.

The proposed methodology has several important features. First, as mentioned ear-
lier, despite a flurry of theoretical contributions {c.f. Duffie (1992), for example], empirical
results do not offer complete support for any specific parametrization. Given the impor-
tance of the short-term riskless rate in valuing and hedging a broad array of fixed-income
contingent claims, fully nonparametric methods are particularly suitable to avoid potential
misspecifications.

Second, even though the drift is theoretically harder to identify than the diffusion term
[c.f. Ait-Sahalia (1996a) and Jiang and Knight (1997a) inter alia, and Part I}, a unified and
complete asymptotic theory for both estimated functions is crucial in fixed-income pricing.
In effect, the drift of the underlying short rate process plays a role in assessing the value
of fixed-income securities even under the no-arbitrage restrictions imposed by martingale
pricing [c.f. Ingersoll (1987)].

Third, the evidence on the stationarity of the short rate process is quite ambiguous.
Preliminary unit root tests either accept the null of nonstationarity or deliver results very
close to the rejection threshold. This observation explains why high-frequency spot interest
rate series are often modelled as nonstationary processes in macroeconomics [c.f. Ait-
Sahalia (1996b)]. In continuous-time empirical finance, stationarity is generally assumed
upfront to assist in developing a complete estimation theory. Some researchers have provided
plausible ex-post justifications for this assumption based on estimated drift and diffusion
functions. Ait-Sahalia (1996b) suggests that the spot rate can be locally nonstationary
over the range of the process corresponding to a drift very close to zero. Nevertheless, a
nonlinear mean-reverting drift at the edges of the range of the process can be sufficient to
pull the series back into its middle region and determine global stationarity. Conley, Hansen,
Luttmer and Scheinkman (1997) [CHLS, hereafter| suggest volatility-induced stationarity.
Mean reversion at high rates can be small but increasing volatility is sufficient to import
stationarity into the series.

Due to the mixed a-priori empirical evidence, estimation methods relying on stationarity
can yield imprecise inference and suggest misleading conclusions. In consequence, we do
not make the assumption of stationarity in this work.

We are interested in estimating the drift and the diffusion function at each point in the

range of the sample interest rate process, so the density of the observations there plays a
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role in the operation of the asymptotics. This information is contained in the estimated
local time of the spot rate process [c.f. Part I]. We review the definition of local time here,
and some useful observations related to this crucial concept [classical references are Revuz

and Yor (1994), Karatzas and Shreve (1988), Chung and Williams (1990)].

9.1 Definition If X, is a continuous semimartingale (SMG), then there erists a nonde-
creasing stochastic process (nondecreasing in t, that is) Lx(t,a), called the local time of X
at a. This process is defined, almost surely, as

4

.1
Lx(t,a) ==!I_I.I(1)E A 1, a+€[ $)d[X]s. (9.1)

Lx(t,a) represents the amount of time that the process X spends in the vicinity of
the point a. It is measured in units of the quadratic variation process ([X];). These are
information units as they represent the amount of information that is being accumulated
about the process. Consider, for simplicity, 2 Brownian motion B, with variance 2. Lx(t,a)

reduces to

LB(t a) = hm ...E_/ l(IBn—dKC)d ds (9.2)

In this case we have integration with respect to the Lebesgue measure since the quadratic

variation of Brownian motion is deterministic. If we now divide through by o2, we obtain

- 1 .1t
Ls(t.a) = 3La(ta) = lim o= [ 1gp,-acods. (9.3

Lp(t,a) can be called “chronological local time” [this notion was first introduced by Phillips
and Park (1997)]. This formulation gives an interpretation of the local time in terms of
amount of time, in real time units now, spent by the process in the spatial neighborhood
of a point. Also, this definition shows the sense in which the local time, even though
random in nature, is analogous to a probability density. In fact, it provides meaningful
quantitative information about the locational features of the process, in just the same way
as a probability density distribution can be used to characterize stationary time series.
Since the solution to a stochastic differential equation is a SMG, we can define the local
time process of the short-term interest rate series in the usual fashion. Below, we interpret

the local time process as a series of spatial densities, along lines pioneered in Phillips (1998).
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Also, we show how to consistently estimate spatial densities using nonparametric density-
like kernel estimators [c.f. Part I]. Qur inference is based on a complete asymptotic theory
for spatial densities of diffusion processes. The diffusion processes that we consider are
potentially nonstationary solutions to possibly nonlinear stochastic differential equations.

The notion of spatial density assumes importance particularly when the underlying
process is nonstationary as it furnishes the possibility of characterizing some of the features
of the data, i.e. those related to the location of the process. In effect, in the presence of
nonstationarity, conventional descriptive statistics fail to provide reliable information given
the tendency of the data to drift away from a particular point. Spatial densities can then be
regarded as a new descriptive tool for series that are nonstationary or whose stationarity can
not be guaranteed [these observations were first made by Peter Phillips during the Irving
Fisher Conference at Yale University, May 1998|.

Based on estimated spatial densities, we discuss some of the features of the specific data
set at hand. We study the annualized 7-day Eurodollar rate [June 1, 1973 - February 25,
1995]. This data was previously used in Ait-Sahalia (1996a,b).

Further, we define functionals of spatial densities, such as spatial hazard rates [c.f.
Phillips (1998)]. Spatial hazard rates can be interpreted as spatial analogues to traditional
hazard rates obtained from time-invariant marginal distributions. Again, a complete as-
ymptotic theory for nonparametric estimates of spatial hazard rates assists our inference.

Finally, we carefully discuss the sense in which the information embodied in the spatial
density of the interest rate process can be used to implement a flexible and rigorous approach
to the nonparametric estimation of the two functions driving the interest rate dynamics in
continuous-time, viz. the drift and the diffusion function.

As in many recent papers [Ait-Sahalia (1996a,b), Stanton (1997), Jiang (1998), for
example|, the main source of the rejection of traditional linear mean-reverting structures
in the constant elasticity of variance class is the specification of the drift function. Our
estimated drift is virtually zero up to about 15 percent. It mean-reverts in a nonlinear
fashion only at the upper edge of the range of the sample process. Contrary to the existing
literature, we emphasize the importance of the martingale behavior of the spot rate series
over most of its range in disputing linear mean-reverting models. As for the marked non-
linearity of the drift at the upper edge of the sample process, its empirical relevance is
clouded by the availability of few observations in this range. This idea can be phrased

in a more rigorous fashion in our framework. We will show that in order to be able to
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draw precise inference on the drift of the process at a point, we require the estimated local
time of the process at that point to be large. In other words, we require the time spent
by the sample process in the spatial vicinity of that point to be large. Since the sample
process barely visits interest rate levels at the upper edge of the empirical range, we cannot
draw firm conclusions about the behavior of the drift at high interest rate levels, where
nonlinearities arise. Even though rarely mentioned, the problem of the lack of sufficient
observations at high rates affects most recent papers. We believe this issue should suggest
a more cautious interpretation of the economic content of the estimated nonlinearities in
the literature.

This chapter is organized as follows. Section 10 introduces the model and outlines
existing parametric and nonparametric approaches to the problem. Section 11 reviews the
estimation technique presented in the previous chapter, introduces new results and discusses
the sense in which “spatial” arguments can be used to assist in developing a general approach
to the functional analysis of the dynamics of the short-term interest rate process. In Section
12 we present the data and implement the method. Section 13 concludes. Technical details

and proofs are provided in Section 14. Notation is laid out in section 15.
10. Conventional parametric specifications and estimation procedures

In one-factor term structure models, the spot interest rate is the only state variable on
which the current yield curve depends. Its dynamic is usually modelled as a stochastic

differential equation of the form

dr, = ﬂ(Tg., t)dt + 0’(1’(, t)ng (10.1)

where p(.,.) : R x [0,T] - R . 0(,,.) : R x[0,T] — Rt and {B;,0 <t < T} is a standard
Brownian motion. The functions y(.,.) and o(.,.) are specified to guarantee the existence
of a solution to (10.1) such that for all ¢ the price ¥, 7 = If™™[exp( ftT(-'r,)ds)] of the
zero-coupon bond with maturity T is well defined [see Duffie (1992) for a discussion|. Jf™™
represents the expectation with respect to the equivalent martingale measure. In particular,
Ter = S (exp( [ (—r4)ds)] = ®(r¢,t,T) for some function @ : [0,T] x [0,T] x R — R.
This implies that at each time ¢ the term structure depends solely on the contemporaneous
value of the short-term rate, on ¢ and on the time to maturity 7. Consider the following

specification:
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pre,t) = aglt) + oy (t)re + ao(t)r? + az(t)/re + aq(t)relogr, (10.2)
oHrit) = Bolt) +Bult)re + Ba(t)r® (10.3)

where aq(.), a1(.), a2(.), a3(.), as(.), Bo(.), 31(.), 32(.) and G3(.) are continuous on [0, 7]
into ®. Formulae (10.2) and (10.3) encompass most models in the literature. Provided
formulae (10.2) and (10.3) do not depend on time, the solution to (10.1) is a homogeneous

Markov process. We can write the unrestricted homogeneous specification in the form

dry, = (ag+ayr+ agr'f + ag /T + aar log m)dt

+(y/do + Bury + ri®)dB. (10.4)

Various restrictions on the parameters generate common single factor models.! For example,

az,a3,a4,3,3 = 0and 33 =1 [Coz- Ingersoll-Ross (1985)],
az,a3,a4,31,32 = 0 [Vasicek (1977)],
az,a3,a4, = 0and 33 =1 [Pearson and Sun (1994)],
az,a3,a4,3,5 = 0and J =2 [Brennan-Schwartz (1979)],
az,a3,a4,3,h = 0 [CEV diffusion-Chan et al. (1992)],
ay,ag,a3,a4,31,32 = 0 [Merton (1973)],
ag, @1,a2,03,04,30,51 = 0and 3 =2 [Dothan (1978)],
ag,ay,a2,@3,a4,30,%1 = 0 and 3 =3 [Constantinides-Ingersoll(1984)],
as = 0 [Ait-Sahalia (1996b)),
ag,a2,a3,30,51 = 0 and 33 =2 [Homogeneous Black-Karasinski (1991)),
ag,@2,a3,a4,30,51 = 0 [Coz and Ross (1976) / Coz (1985)].

The Vasicek model, the Cox-Ingersoll-Ross (CIR, hereafter) model, the Merton model and
the more general Pearson and Sun model belong to the so-called “affine-class” of term-
structure models. They share the property that log bond prices, and hence bond yields, are
affine in the underlying state variable, namely log ®(r;, ¢, T) = log ®(r¢, T—t) = A(T —t)r,+

!The following table summarizes standard approaches but does not, by any means, aim at being exhaus-
tive given the magnitude of the theoretical literature on this topic.
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B(T —t)* where A and B are continuously differentiable functions. They have a number of
appealing features: their linearity allows a parsimonious representation of the term structure
at each point in time, as a function of the system’s state variable. Moreover, the model
can be renormalized so that the yields themselves are the state variable. This observation
is clear in one-factor models, but it is also true in set-ups with any number of unobservable
factors. Longstaff and Schwartz (1992), for example, solve for the dynamics of the level of
the short rate and the volatility of the short rate but the model can be also defined in terms
of two bond yields of fixed maturities. In general, affine models permit closed-form solutions
but impose strong restrictions on the term structure [e.g. see discussion in Campbell, Lo
and MacKinlay (1997)].

The behavior of the spot interest rate implied by affine models is quite different. The
Vasicek model specifies the short-term rate as a standard Ornstein-Uhlenbeck process. Pro-
vided a; < 0 (i.e. mean-reversion occurs), it is strictly stationary in the steady state. Since
linearity? holds, the process inherits the properties of the underlying Brownian motion. i.e.
both the transition and the marginal density are normal. The CIR squared root model dis-
plays a noncentral chi-square transition distribution. If @; < 0 and 2ag > 32, the process is
strictly stationary in the steady state with a gamma marginal [Feller (1951)]. The model in
Merton (1973) is a standard Brownian motion with drift. The transition density function
is normal and the process is nonstationary [see Part III for a thorough description of the
statistical properties of these specifications].

The Merton model could be generalized to a specification with time-varying coefficients
that is often called the Ho-Lee model (1986). The Ho-Lee model looks at movements in the
yield curve consistent with the absence of arbitrage opportunities. The focus here is on the
fitting, at a given time, of the underlying term structure, rather than on the description
of the time series properties of the process driving it. This observation motivates time-
dependent specifications in “arbitrage-free” models [see, also, Hull and White (1990)].

We will assume a time-invariant structure in what follows. Hence, we can rewrite (10.1)

as,

dry = p(re)dt + o(ry)dB, (10.5)

*Duffie and Kan (1993) and Brown and Schaefer (1991) give conditions on the spot rate dynamics which
deliver an affine structure in continuous-time. Technicalities aside, they show that the drift and diffusion
term have to be affine, too.

*In the usual sense for stochastic differential equations.
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where the functions z(.) : B — R and o(.) : R — R+ satisfy the following expressions

pr) = lim BIE T =) = (10.6)
= im % [|r¢+h”’t|<="l(rt+h — r)dP(repnlre = 1),

o3(r,) = E%E{[—“-t"—h‘r—‘]?m =r}= (10.7)
= )111_1% % An?rm«'(rﬁh - r¢)2dP(rH.h[rt =r)

and, also
IPI% R P(|rpen — 1ol 2 elre =7) = 0.

We know that (10.6) and (10.7) represent the “instantaneous” conditional mean and the
“instantaneous” conditional variance of the process when r;, = r. Specifically, (10.6) de-
scribes the conditional expected rate of change of the process for infinitesimal time changes,
whereas (10.7) gives the conditional rate of change of volatility at r [see Part I, Section 2,
Assumption 2.1, for conditions which guarantee the existence and uniqueness of a strong
solution to (10.5)}.

A further observation on the model is needed. We are working in a Markovian world.
Some recent evidence [for example, Jeffrey (1997) and Ait-Sahalia (1998)] suggests that
moare degrees of freedom should be allowed for a better understanding of some financial
time series, including interest rates. We believe that a more complete assessment of the
empirical potential of path-dependent specifications is needed* before we dismiss models
whose main virtues are simplicity and tractability.

We now turn to a concise review of the econometrics of stochastic differential equations.

! As mentioned earlier, it is hard to conclude that conventional short-term interest rate series are stationary
on the basis of traditional unit root tests. The test of “Markovian nature” in Ait-Sahalia (1998) hinges
theoretically on the stationarity of the series under analysis. [t is based on the Chapman-Kolmogorov
equation for Markov processes and consists of comparing a direct estimator of the 2A-interval conditional
density to an indirect estimator obtained by iterating a direct A-interval estimator of the conditional density
of the process. Transition densities are computed very naturally as ratios of joint and marginal distributions.
Strict stationarity is necessary to evaluate the time-invariant marginal distribution of the process. The
inspection of path dependent specifications in Jeffrey (1997) is thorough but, again, the asymptotic results
supporting his GMM application rely on the stationarity of the underlying process.
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10.1. A brief discussion of some relevant estimation methods in a continuous-
time framework®

Nonparametric drift and diffusion functions have been proposed by Banon (1978), Geman

(1979), Pham Dinh (1981), and Banon and Nguyen (1981) but they all assume continuous

sampling observations. The first paper to deal with the nonparametric estimation of the

diffusion term from a discrete record of observations is Florens-Zmirou (1993). She leaves

the drift term unidentified and treats it as a nuisance parameter. The diffusion function is

estimated by employing a sample analog estimator {compare to (10.7)] defined as follows,

5t (z) = 1 X Ly —ai<hal Xienan = Xia]?
) An ZI‘:I 1{|Xi/n-1‘<hn} '
We assume that we observe X; at {t =ty,t,,..,t,} in the time interval [0,7], with T >

(10.8)

To > 0, where Tpis a positive constant. We also assume equispaced data. So, {X, =
Xan, X2a,, X340, --» Xnaa} are n observations at {t; = Ap,ts = 2A,,t3 = 3An, ..y tn =
nlp}, where A,, = T/n. Asymptotic results are obtained as the sample frequency increases
for a given ending time T. Under fairly regular conditions on the sample size (n) and the
bandwidth (h,), namely as n — oo, hy, — 0, nh, — oo and nh3 — 0, Florens-Smirou proves
the L2-consistency of E%n) (z) and convergence to a mixture of normal law, depending on
the local time of the process [c.f. Theorem 5.9 in Part I].

The work by Jiang and Knight (1997a) relies heavily on the results in Florens-Zmirou
(1993). Their diffusion function estimator is the same as the one suggested by Florens-
Zmirou (1993), but is constructed from a general kernel function rather than from a dis-
continuous indicator function. Their drift estimator combines the estimator of the diffusion
function along with the estimated nonparametric density of the underlying process under
the assumption of stationarity. In effect, it is a well known result that, provided suitable
regularity conditions are met, the marginal distribution of the process is fully characterized
by the two functions of interest, i.e. the drift and the diffusion function [e.g. Karatzas and
Shreve (1988), Karlin and Taylor (1981)]. More specifically, we can write

P 02 k4
u(z) = % [-d—a—ili +o2(x)%—l)—} . (10.9)

It is a simple task, by Slutsky’s theorem, to define a consistent estimator for the “instanta-

neous” conditional mean given consistent estimates for the density, p(z), the diffusion term,

*Again, due to the magnitude of the literature on the topic, the following discussion does not aim to be
exhaustive.
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o?(z), and their first derivatives, 6—’%—9 and 9%;)-, respectively.

The same approach, though reversed, was previously utilized in the semiparametric
estimation procedure proposed by Ait-Sahalia (1996a). He specifies a parametric, linear
mean-reverting drift. Subsequently, given the theoretical cross-restriction on the diffusion
based on the marginal density of a strongly stationary process and its drift function, he
proves pointwise consistency and asymptotic normality for the semiparametric diffusion
estimator constructed from the nonparametric estimate of the density and the parametric
estimate of the drift. A similar semiparametric approach based on density-matching is
contained in Ayt-Sahalia (1996b). In a recent paper, Stanton (1997) suggests the use of
nonparametric approximations to the true functions. This is the first work which attempts
fully nonparametric identification of diffusions by use of discrete data without resorting to
cross-restrictions as in (10.9).

Many authors have used parametric approaches to diffusion modeling, often employing
maximum likelihood (ML) methods. Brown and Hewitt (1975), Lanska (1979) and Ku-
toyants (1984) are among those who assume continuous sampling observations. Dacunha-
Castelle and Florens-Zmirou (1986) is the first paper concerned with the parametric estima-
tion of nonlinear diffusions from a discrete record of data. Donhal (1987) proves the local
asymptotic mixed normality property of the likelihood function of the diffusion term. Both
papers use the expansion of the transition density of the underlying process for small changes
in time. Lo (1988) discusses how to perform ML estimation of jump-diffusion processes.
Pedersen (1995) proposes an approximate ML estimation procedure for multidimensional
diffusion processes. In a recent paper, Ait-Sahalia (1998) illustrates the properties of con-
sistency, normality and asymptotic efficiency for ML estimators obtained from maximizing
a sequence of approximations to the true, but unknown, likelihood function of the discretely
sampled process.

Generalized method of moments is employed in many papers often based on discretiza-
tions of the underlying process [Chan, Karolyi, Longstaff and Sanders (1992), CKLS here-
after, for example]. Hansen and Scheinkman (1995) rigorously derive moment conditions
for continuous diffusions based on the infinitesimal generator and a statjonarity assumption.
Also promising are the simulation methods based on indirect inference [notably, Gourier-
oux, Monfort and Renault (1993) and Gallant and Tauchen (1996)]. This line of research
is very close to the simulated moments procedure suggested in Duffie and Singleton (1993).
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10.2. The issue

Modern asset pricing theory relies on continuous-time models, typically formulated in terms
of stochastic differential equations, for the dynamics of the underlying state variables.®
This mainstream approach motivates the design of appropriate estimation techniques in
the same framework. Furthermore, the necessity of being as general as possible justifies
the implementation of functional estimation methods capable of taking into account the
discrete nature of the available data. As pointed out earlier, a wide array of contributions
has been provided along these lines. The problem with conventional approaches is that they
rely heavily on the stationarity of the process. The reason for this is that the assumption
of stationarity allows the possibility of consistently estimating the marginal density of the
series and, based on this, carrying out sophisticated estimation procedures [see, for example,
Ait-Sahalia (1996 a,b) for semiparametric applications and Jiang and Knight (1997a) and
Jiang (1998) for a fully nonparametric approach]|.”

Nevertheless, even though it is not an implausible theoretical assumption, the station-
arity of short-term interest rate series can not be empirically guaranteed®. Therefore, more
robust estimation methods are needed. A possible solution is to achieve identification of the
functions of interest without resorting to cross-restrictions based on the marginal density
of the process. In other words, it is important to estimate consistently both the drift and
the diffusion function in situations where one of these is of primary concern and the other
function is treated as a nuisance parameter.

Valuable, in this context, is the work by Stanton (1997) [see, also, Boudoukh, Richard-
son, Stanton and Whitelaw (1998) for a bivariate application]. His procedure is based on
approximations to the true drift and diffusion obtained through the use of the infinitesimal
generator [Revuz and Yor (1994) is a classical reference]. The econometric estimation hinges

on the use of functional sample analogs. In the original paper, Stanton’s methodology is

®For an overview, see Duffie (1992).

*Stationarity is also usually invoked in parametric studies. Inter alia, CKLS (1992) carry out a GMM
procedure whose asymptotic theory is based on a (non-tested) assumption of stationarity and ergodicity for
the underlying series. To generate moment conditions for continuous-time Markov processes, Hansen and
Scheinkman (1995) utilize the Dynkin operator and impose the condition that the time derivative of the
unconditional expectation of some ‘well behaved’ functions of the underlying process is equal to zero. Again,
this comes from assuming the strict stationarity of the underlying process.

*In Art-Sahalia (1996a,b), for example, the spot rate used is the seven-day Euradollar deposit rate, bid-
ask midpoint, from Bank of America. The data are daily from June 1, 1973 to February 25, 1995. The
author rejects the null of nonstationarity at 90 percent using a standard Dickey-Fuller test (the value of the
test statistic is -2.60 versus a critical value of -2.57). The robustness of this result can be disputed after a
careful inspection of the same time series [see Subsection 12.1 and Tables 3 and 4].
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presented in a heuristic fashion as no asymptotic theory is supplied to support his approach.
One could argue that the existence of a complete limit theory is a valuable but, in some
cases, not a necessary piece of information. Unfortunately, due to the difficulties posed by
the availability of discrete data for the estimation of continuous systems [c.f. Ait-Sahalia
(1996a,b), Florens-Smirou (1993), Jiang and Knight (1997a) and Part I}, identification is
truly an issue. Only a complete asymptotic theory can shed light on the capacity of an
estimation methodology to capture the features of the functions of interest. A simple ex-
ample will help clarify this point. We already described how to achieve identification of the
diffusion function as in Florens-Zmirou (1993). As pointed out earlier, her sample analog
estimator exploits the local dynamics of the process, i.e. her asymptotic results are obtained
as the sample frequency increases for a given ending time T. The drift is harder to identify
given its higher order of magnitude. Below, we specify a commonsense estimator for the
drift function and use the same sampling method as in Florens-Smirou (1993), i.e. we let
the data frequency increase for a given T. The following result proves that consistency can

not be achieved.

10.1 Theorem Given hy, such that nh, — oo and nhi — 0, the sample analog estimator

E(n)(z) [compare to (10.6)} defined as

By (z) = L i 1gx,—si<hnt Xt o, = Xina]
(n) An Z?:l l{lx./n—zkh,.}

diverges at a rate given by the square root of the bandwidth as n — oo.

A more complex asymptotic theory is needed to identify the drift. A natural extension
is to prolong the observation period, that is to let T — oo as the interval between adjacent
observations shrinks. Below, we discuss alternative estimators of the two functions of inter-
est based on the necessity of reducing the local variability induced by discrete observations
and enhancing the availability of information through the use of a longer time span?. We
retain the sample analog structure and we do not impose cross-restrictions in order to avoid
invoking strong requirements on the distribution of the underlying process. A complete

description of the asymptotic theory is contained in Part 1.

9Under the same conditions, that is as the frequency of observations increases over an enlarging time
span, the estimates of the first order approximations to drift and diffusion function in Stanton (1997) are
proven to be consistent and asymptotically normal [c.f. Bandi (1999) and Part III|.
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11. The Econometric Approach

We assume a Markov, possibly nonlinear, continuous data generating process as in (10.5)
for the short-term interest rate process {r;,t > 0} [see Part I, Section 2, Assumption 2.1
for conditions imposed on (10.5)].

The process r; is recorded at {t =t,,ts,..,tn} in the time interval [0,T], with T >
To > 0, where Tyis a positive constant. We assume equispaced data. Hence, {r, =
TAn11T280 11 300 11+ Tnd, r } aTe N Observations at {t; = An 1, t2 = 2An 7,t3 = 3An T, ...t =
nA, 1} where A, r = T/n. Theoretically, we want the number of sampling points (n) to
increase as the time span lengthens (T'). Moreover, we want the frequency to increase with

n. In Part I we explore the limit theory of the proposed estimators as n — o0, T — o0 and

Anr =T/n — 0. We suggest the following estimators for (10.6) and (10.7).

r.-An T—r

) K(—52L—)5% r(rian r)

~2
7 r) = 11.1)
(an)( ) T (
Z?:I K(_}%—)
with
1 My, 7(i8n, 1)1
~2 2
Onr(Tid, 1) = - TeiA, ar — Tt 11.2
n.T( i .r) M7 (i0n 1) AT ; [ t(idn,T);+An.T t(tAmT))] ( )
and
Tl =T\~
. =1 K(2 =) lin, 1) (TiAn, )
Fny(r) = — A (11.3)
with
1 Ma, 1(i8n, 1)1
["(an)(riAn.T) = M T(iBnT)Dn Z [rt(iAn.r)r"An.r =T t(iAn.T)J’]' (11.4)

3=0
The symbols have the usual interpretation. The sequence {t(iA,T);} is a sequence of

random times defined as follows,

t(iApT)o =inf{t >20: |r, — r,-An'TI <énr} (11.5)

and
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t(iAnT)jv1 = inf{t > t(iAnT); + D1 i 1t —Tia, ol < €nTh (11.6)

for all i. The number m, 7(iA, 1) < n counts the stopping times associated with the value

Tia, r and is defined as

n
Mar(iBn1) = Z lllr,-A,,_T -ria, rl<enr]
j=1

where 14 denotes the indicator of A. The quantity e, 1 is a bandwidth-like parameter
depending on the time span (T) and on the sample size (n). The function K(.) that
appears in (11.1) and (11.3) is a kernel whose properties are described in Part I, Section 4,
Assumption 4.1.

By looking at a long time span and high frequency observations (technically, we perform
both ‘infill’ and ‘long span’ asymptotics) we aim at reconstructing as well as possible the
theoretical path of the process.

The intuition underlying (11.1) and (11.3) is simple. As pointed out earlier, the idea
is twofold. First, the use of stopping times in the algorithm is intended to replicate the
instantaneous features of the theoretical functions. Notice that the averages 5';2;,T("iA...r)
and g, 7(mia, ) in (11.1) and (11.3) are defined as empirical analogs to the values taken on
by the true functions at the data points (ria, . for example, defines the i** observation).
The estimates &%,T(r,-,;"_,) and j, r(™ia, ;) are consistent for o’z(riA"‘,.) and pu(ria, 1) as
My 17(iQn 1) — 00 Vi. This is true, under suitable conditions on the bandwidths. when
T — oo provided the process is recurrent. We assume recurrence [by Assumption 2.1 in
Part I, that is we require the t-continuous trajectory of the process to hit any point in its
range an infinite number of times almost surely, i.e. P:{r: hits z at a sequence of times
increasing to oo} = 1 Vz, 2.

Second, we apply the standard method of nonparametric smoothing to recover the two
functions of interest from a scatter of estimates of the two functions at the data points. A
few additional comments on the methodology are needed.

First, the assumption of recurrence is not restrictive and, indeed, makes economic sense
because we expect interest rates to return to the values in their range over and over again.!?
In practice, we have at our disposal only finite datasets, therefore the risk of imprecise

inference turns out to be larger in correspondence with data points that stand out as very

"YRecurrence does not imply stationarity. Brownian motion is a typical example of a recurrent, nonsta-
tionary process.
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different from the remaining observations. In Table 1 we display the time series of the
annualized 7-day Eurodollar rate [June 1, 1973 - February 25, 1995|. As mentioned earlier,
this is the data utilized in AYt-Sahalia (1996a,b) and in this work, too. Qutliers can be
detected in the period 1980-1982. We expect inference to be less reliable for interest rates
in this time range. Later on, we will discuss this problem more carefully.

Furthermore, since we are not imposing cross-restrictions, our specification is robust to
deviations from stationarity. We believe this is an important feature of our methad since it
allows us to accommodate interest rate processes that evolve over time in a general fashion,
as we do not require the existence of a time-invariant marginal distribution, but tend to
return to the values in their range.

Recall that we are increasing the observations frequency as n — co. In other words,
we are exploiting the local properties of the process over its dynamic range since, loosely
speaking, we “almost” obtain a continuum of data points in the limit.

Having said this, we comment on the smoothing procedure. A rescaled version of the
denominator in (11.1) and (11.3) converges to the stationary density of the process in
conventional nonparametric smoothing. Here we do not use the information contained
in the marginal density of the underlying process because the underlying process might
not have a time-invariant marginal density. What we use is the information contained in
the spatial density of the process. Spatial densities are well defined for stationary and
nonstationary processes provided the semimartingale property is satisfied.

Theorem 5.1 in Part I, Section 5, gives the asymptotic expression of the (standardized)
denominator in (11.1) and (11.3) in our specific case. We fix T for ease of analysis but the
intuition does not change when we let T go to infinity provided % =Apr — 0 [c.f. Part I,

Section 5, Corollary 5.3|. It is convenient to review the theorem here.

11.1 Theorem (Theorem 5.1, Part I, Section 5) Given n — oo, T fized (= T),
and h, 7 — 0 (a8 n — ) in such a way that ﬁ(AnT)a = O0(1) for some a € (0, 1), the

. A, ria 5T - = —
estimator -Eg' oy K(—h—:‘%—) converges to L (T,r) = ;,l(;yL,-(T, r) a.s. where L.(.,.)
is the local time of the process.

In the formulation of (11.1) and (11.3) the local time estimator is used as a conventional
kernel estimator for the probability density of a stationary process. Qur discussion in

the introduction should clarify the sense in which this amounts to spatial smoothing and
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guarantees protection against possible deviations from stationarity. Notice, in fact, that
Theorem 11.1 holds regardless of the stationarity of the underlying process. This is due
to the sampling technique, which is characterized by increasingly frequent data, and the
nature of the data generating process, which is assumed to be a semimartingale.

These observations, in turn, open up the way for the definition of statistics, based on the
local time of the underlying process, whase meaning and descriptive power do not depend
on the existence of a time-invariant density function. In a recent paper, Peter C. B. Phillips
(1998) discusses how to interpret the limit local times of standardized density-like kernel
estimators in the presence of discrete-time integrated processes in terms of spatial densities.
Further, he comments on the usefulness of spatial densities (and various functionals of them)
in the descriptive analysis of time series which display random wandering characteristics.
The same approach is used here.

The previous theorem gives us a way to estimate the spatial density of a process defined
as in (10.5). The standardization ;,%-;; permits us to interpret the spatial density at a
point in terms of real time units spent by the process in the neighborhood of that point.
It constitutes the stochastic differential equation analog to the ;17 normalization in the
Brownian motion context [c.f. formula (9.3)]. We now illustrate the rate of convergence to
the true function and give the limit distribution. The latter is mixed normal (M N). The

mixing variate is proportional to the spatial density itself.

11.2 Theorem If h 7 — 0 in such a way that thg(An,?)Uz—e — 0 as n — oo for an
n,T

arbitrarily small e, then

1

where k = [;° [7° min(s, q)K(s)K(g)dsdg.

(fr(i r) — L(T, r)) 2 AMN (0, k;g%r—)ir(i r))

As pointed out by Phillips (1998) in the discrete-time context, this result enables us to
construct asymptotic confidence intervals which closely resemble conventional intervals for
probability densities obtained from kernel estimates. A 95% confidence interval for L, (T, r)

is given by

= = hr= — \Y?
L,-(T, T’) + 1.96 (lﬁk'&z—(?'—)'Lr(T, 7‘)) .
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The spatial density estimator replaces the standard density function estimator. The scale
factor 16k accounts for the time dependence in the observations as the Brownian covariance
kernel appears in the definition of k.

Notice that the limit process L.(T,r) is a random variable.!! Spatial densities have a
time dimension, as opposed to probability densities. Their time dimension can be fruitfully
explored.

Following the lead of Phillips (1998), we can define functionals of spatial densities such
as local or spatial hazard rates. The spatial hazard H,(T,r) associated with a spatial

density L (T,r) can be represented as follows,

L.(T,r)
LT y)dy
This definition allows us an easy interpretation in terms of spatial analogue to standard haz-

H.(T,r) = (11.7)

ard functions obtained from time-invariant probability densities. Spatial hazard functions
offer, once more, an easy generalization to the potentially nonstationary case by virtue of
the use of the local information contained in the continuous process. Formula (11.7) has a
standard meaning: it gives the conditional risk over the period [0, 7] of an interest rate level
of r, given that interest rates are at least as big as r. Again, the time dimension adds up
to the traditional definition and permits us to investigate how the conditional risk evolves
over time. The following theorem gives us a way to recover spatial hazards from sample

analogues constructed from estimated spatial densities.

11.3 Theorem Given h,7 — 0 (as n — 00) in such a way that h—3l/;-(An.7')l/ 2-¢ 0 for
ir T,r

e converges to H, I—",r
LT Y (L)

an arbitrarily small €, the estimator ﬁr(T, r) defined as

a.38. Moreover,

L (BT.r —F.(T k(H(T,r))?
= (H,(T, r) - H.(T, r)) 4 4MN (0, a_z(r_)ﬁr—))

where k = [ [7° min(s, g)K(s)K(qg)dsdq.

In what follows we will provide traditional descriptive statistics whose interpretation is
straightforward should stationarity hold. Further, we will thoroughly examine the locational

properties of the short-term interest rate series using the apparatus described above.

'!In the stochastic processes jargon, we would say that it is a random variable (for fixed t) and a function
of t (for a given w € ).
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Before moving to the implementation of our method, we turn to a concise description
of the limit theory of the estimators in (11.1) and (11.3) [see Part I for details]. We start

with the consistency of the diffusion function estimator.

11.4 Theorem (Theorem 5.5, Part I, Section 5) Given n — 00, T — 00, by — 0
(as n,T — o0) such that ﬁ—;‘% — 0 and Qh%l(Aﬂ,T)" = Og.s.(1) for some a € (0, ),
and eo 7 — 0 (as n,T — o0) such that %’"—;’- — 0 and %ﬂ(Anvr)ﬂ = QOq..(1) for some
B € (0,3), the estimator

ria -r
1_1 K( “T ) n, (I‘,A“ 1') a.s. 2

e % ()
; K(—;;——“ )

i=1 .T

where 5'72:.T(7'iA...r) is defined in (11.2).

The following theorem gives the asymptotic distribution and the rate of convergence.

11.5 Theorem (Theorem 5.6, Part I, Section 5) Assume that n — 00. T — o0, hnT
— 0 (as n,T — o0} such that -Ah—;‘—r- — 0 and H?(An'r)“ = 0q.4.(1) for some a € (0, %),
and ea — 0 (as n,T — o0) such that é"—l — 0 and %—%—"-’(An,r)ﬂ = Qg.4.(1) for some
3 €(0,3).

If 25 0, engLo(T,r) =% 0 and ho = ofen), then

LT, r EnT [~
(A i, 4 (Gar(r) - ‘72(")) — N (0,20 4(1‘)) . (11.8)
I 5:.1' 12 2 a.s. )
f =L — 0,2 en 7L (T,r) =% 0 and hnr = Olenr) with hn1/enT — 0 > 0, then
I_“" Tv n A~ B
—(A—r)fi (32 7(r) = a*(r)) S N (0,20,0%(r)) - (11.9)
where 8y = § [, JEI9 (A9 K (0)KC )dadade.

As pointed out earlier, we are letting T and n go to infinity. If we had at our disposal
frequent data (n — co) over a fixed time span (T = T), we could still estimate the function
consistently. T going to infinity is a technical device introduced to exploit the recurrence

of the process in the estimation procedure. Recurrence is crucial in the estimation of the

5 (- -—*; — 00, then (11.1) still converges to a mixed normal distribution. This is the distribution to
which the “bias” term in the estimation error decomposition converges [see Part I].
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drift function. In the case of diffusion estimation we do not need to require infinite passage
times to identify the true function. This point is coherent with a statement in footnote n.1

of a 1979 paper by S. Geman, where we read

“o(A) can, in principle, be determined from any interval containing a single

crossing of A”.

For a fixed T (= T), we can rewrite (11.8) as follows:

N , d . at(r)
VAT (Bom () —a*(r)} = MN (0' ‘T r)/ﬂ) '

The conditions on the bandwidths hn,i‘ and EnT reduce to

11
-k
E, XN with ky €<4 9)

and
—kp . 1
h,7xn™" with kp € {0, 3

with

hn.T = o(enf).

If h,7 = Ole, 7) with h, 7/e, 7 — ¢ > 0, what changes in the limiting distribution is
simply the constant of proportionality in the asymptotic variance term. In consequence,
we just need to multiply the scalar 2 by a scalar whose value depends on the value that
the constant ¢ takes on, that is 6, = § [*o, [/ [“*\V/® K (a)K (e)dzdade. In both
cases the rate of convergence is VT which is the standard rate in functional regression
analysis, and the asymptotic variance is inversely related to L.(T,r) or, equivalently, to
the number of time units spent by the process in the spatial neighborhood of a point.
Intuitively, even though repeated visits are not necessary for consistent estimation of the

diffusion function, the larger the number of visits to a point in the range of the process, the

more precise will be the estimation of the diffusion at that point.

We now consider the drift estimator. Again, we state consistency for the true function

and give the asymptotic distribution.
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11.6 Theorem (Theorem 5.11, Part I, Section 5) Given n — 00, T — 00, hy — 0
(as n,T — o) such that i"‘—: — 0 and :E—,'l-f-f—j'fl(An'T)" = O4.5.(1) for some a € (0,3).

and g, 7 — 0 (as n,T — o) such that f:TT — 0 and —-[:—;f‘LT"'l(A,,‘T)ﬁ = Oq4.(1) for some

3 € (0, %), and provided e, 7L (T, 7) %5 o0, the estimator
L
S KR i (Tt 1) 0,
,,A"T = pu(r)
Z"‘ K( hoT )

where fi, 7(ria, ;) i defined in (11.4).

11.7 Theorem (Theorem 5.12, Part I, Section 5) Assume that n — oo, T — o0,
haor — 0 (as n,T — oo) such that -Ah:"f;f- — 0 and %@(An,r)"‘ = Qg.4.(1) for some
@ € (0,3), und a1 — 0 (as n,T — o0) such that Z2F — 0 and 2L (A, 1)? = 0,,.(1)
for some 3 € (0,3), end en 7L (T.r) = oco.

If ha = o(enT), then

V LT, rlent (Bnr(r) — p(r)) L MN (0, %az(r)) . (11.10)

If har = O(en,T) With hn1/nT — 0 > 0, then

Lo(T.r)en (Bng(r) — p(r)) 4 MN (0, éG,,a’z(r)) (11.11)

z+1 1
where 8, = § [ [V (5 VIO K (0)K (e)dzdade.

The drift term cannot be identified nonparametrically over a fixed time interval, no
matter how frequently the data is sampled [c.f. Theorem 10.1] unless cross-restrictions
are imposed. Here we are lengthening the sample span (T — oo) as the frequency of
observations increases (n — o00). We do so to gain information on the theoretical function
through repeated visits to a point. In other words, when estimating the drift, we need to
use the information on the trajectory of the process over its entire dynamic range. Since
local arguments as in the case of diffusion estimation can not be utilized, three are the main

consequences [c.f. Part I for details]:

[1] Contrary to diffusion estimation, the stochastic properties of the underlying process
play a vital role in the drift estimation.

[2] The rate of convergence of the diffusion estimator (‘ / Eifr"’;“l) is faster than the

rate of convergence of the drift estimator (y/L+(T,7)enr)-
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[3] The admissible spatial bandwidth e, r must converge to zero at a slower pace than
the corresponding bandwidth in the diffusion case. Furthermore, apart from specific
cases such as Brownian motion [c.f. Part I, Section 5, Remark 5.16}, it is not possible
to express in closed-form the main condition that the window width e, 7 needs to

satisfy, that is L.(T, r)en = 0.

Should T be fixed, then the local time factor, L,(T,r), would be Op(1) rather than tend
to infinity almost surely and the estimator would diverge at a speed equal to \/'?IT-’F [c.f.
Theorem 10.1 in this chapter|.

The idea behind the consistency of the drift estimator is simple. Even in finite samples,
it is possible to identify the drift function in a situation where the diffusion term is treated
as a nuisance parameter, provided the sampled data is “sufficiently” recurrent. In our case,
we require the data set to be characterized by repeated observations in the neighborhood
of each interest rate level. We can phrase this condition differently and say that we require
the data set to be affected by few outliers. This is a standard requirement when we are
interested in reliable statistical inference. Then, the issue is how to assess the recurrence
properties of the specific data set at hand. A paossible rule of thumb in our framework is
to estimate the spatial density of the sample process at each point and verify its order of
magnitude. A large spatial density at an interest rate level implies repeated passages in the
vicinity of that level and, in consequence, satisfactory inference. In what follows we will
study the local time process to describe the locational features of the short-term interest
rate series and detect areas where inference might be imprecise due to the lack of sufficient
data points.

A final observation on the limit theories is needed. Recall from the previous chapter
that the normalizations in theorems (11.5) and (11.7) are random because of the presence
of the local time factor L.(T, r)%. As T diverges to infinity, the chronological local time
L.(T.r) of the process r; diverges to infinity as well since , is recurrent. Hence, the rate of
convergence depends on the asymptotic divergence characteristics of the chronological local
time L.(T,r). As a consequence, the rate of convergence is, in general, path dependent
[Part I, Section 5, Remark 5.10].13

We now turn to the implementation of the method.

'3This is not the case if r, is Brownian motion. In this case the convergence rates are \/ e..,rT% /Anr and
vV €n.rT} and are not path dependent {Part [, Section 5, Remark 5.10]
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12. Implementation

12.1. The data

The proposed methodology requires a long time series of high frequency observations. Nev-
ertheless, due to the risk of spurious microstructure contaminations, the proper use of such
series is an issue which goes beyond the scope of this work. We compromise by using a less
ideal but still suitable series, namely the seven-day Eurodollar deposit spot rate, bid-ask
midpoint.!* This data was previously used in Ait-Sahalia (1996 a,b). Our description of
the data is based on Ajt-Sahalia’s work and we refer the reader to his papers for a complete
discussion. The data points are daily observations from June 1, 1973 to February 25, 1995.!°
The total number of observations is 5505. The rates quoted were originally bond-equivalent
yields. They were transformed to continuously-compounded yields to maturity (annualized
rate). Weekends and holidays do not receive special treatment but weekend effects [e.g.
French and Roll (1997)] do not seem to be a major concern for money-market instruments.
Monday is taken as the first day after Friday. A time series plot of the data is contained
in Figure 1. Figure 2 provides a time series plot of the first differences. Table 1 contains a
summary of the characteristics of the data whereas Table 2 gives some standard descriptive
statistics.

We stressed before the necessity of devising estimation procedures robust to deviations
from strong distributional assumptions. In effect, it is hard to claim that the data in
question is, without any doubt, stationary. We perform conventional Augmented Dickey-
Fuller (ADF) tests both with a constant term and a trend, and with only a constant in
the deterministic part of the fitted regression. The order of the time polynomial is set
equal to one whereas the number of lagged first differences is set equal to five.!® The test
systematically accepts the null at all conventional levels [Tables 3 and 4]. In the literature,
even slight rejections (and this is not the case here) are interpreted as evidence in favor
of stationarity due to the low power of the test [for example, Ait-Sahalia (1996 a,b) and
Jiang and Knight (1997a)]. We verify the previous outcome by implementing a different

1 As Aint-Sahalia (1996a) points out, choosing a seven-day rate is “...a compromise between: (i) literally
taking an “instantaneous” rate and (ii) avoiding some of the spurious microstructure effects associated with
overnight rates...”.

'>The Monte Carlo evidence in Jiang and Knight (1997b) and in Part [II suggests that daily frequencies
are good approximations to frequent sampling for estimators relying on increasingly frequent observations.

'$Different plausible values do not affect the results. For the sake of comparison, we worked with up to
30 lagged first differences. This is the number of lags used in Ait-Sahalia (1996a). In the constant/trend
case the test accepts at all conventional levels. In the constant case, the first rejection occurs with 30 lags,
at the 10 percent level. This outcome is consistent with the result reported in Ait-Sahalia (1996a).
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testing procedure based on Phillips’ (1987) Z, and Z, statistics. Z tests generally have more
power than the ADF test.!” Again, we consider both the constant/time trend case and the
constant case. The number of autocovariance terms to compute the spectrum at frequency
zero is set equal to five.!® The automated “optimal” bandwidth case is also evaluated as it
usually delivers quite different results. In all cases the test accepts at the 1 percent critical
level. Results are mixed at the 5 percent level and generally in favor of stationarity at the
10 percent level, with the only exception being the Z; test when both a constant and a trend
are included [Tables 3 and 4].

Since the series displays time intervals of fairly regular behavior and relatively low
volatility (1973-1980 and 1982-1995), we apply the same tests to subperiods in order to
assess the influence of higher volatility periods on the test results. A pattern seems to
emerge: higher volatility periods inject stationarity in the data. Even though the null
is very rarely rejected, the test values appear to be closer to the corresponding critical
values in the presence of more volatile data. For instance, over the period 1973-1980 the
null of nonstationarity is never rejected and the statistic values are very safely located
in the acceptance region. When we add the more volatile data between 1980 and 1982,
the overall picture remains quite unequivocally nonstationary, but our statistics appear to
deliver values closer to the rejection threshold. The same applies to the data in the period
1982-1995 versus the longer period 1980-1995.

For the time being, it seems safe to say that standard testing procedures do not offer
unambiguous support to the stationarity assumption and justify the use of investigation

methods robust to deviations from it.

12.2. A look at the spatial characteristics of the data

Some authors have recently modelled the spot interest rate process as a randomly shifting
process with no fixed mean [c.f. Das (1994) and Naik and Lee (1993), inter alia]. Alt-
Sahalia (1996b) proposes a simpler modelling alternative to time-inhomogeneity which is
based on the nonlinearity of the drift and diffusion functions. The idea is that sufficiently
general specifications in the stationary time-homogeneous class can determine multimodal
densities resembling regime shifts. Here, we suggest a direct way to study data that display

irregular behavior. We look at the time spent by the sample process in each point of

17 As far as size is concerned, the ADF test is generally less subject to distortions, especially in the presence
of M A(1) errors with parameter close to one [Phillips and Perron (1988)).
!¥Results are not qualitatively altered by different specifications.
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its range and examine how this evolves over time. Our underlying process maintains the
simplicity of time-homogeneous specifications but, at the same time, is general enough to
allow for nonstationarities.

We consider three different time horizons: 1973-1980, 1973-1982 and 1973-1995 [c.f.
Section 14 for details on the implementation]. Our interest in the change that occurred
between 1980 and 1982 is motivated by the corresponding “atypical” behavior of the series.
As briefly mentioned earlier, this period is characterized by high volatility [see Figure 2|
and high interest rates [see Figure 1]. These features make inference more difficult. Below,
we clarify the nature of these difficulties.

We start with the period 1973-1980. The spatial density of the process appears to be
bimodal [Figure 3 (a)]. The modes show up at around 6 percent and 11 percent. When
we add the data from 1980 to 1982 [Figure 3 (b)}, we recognize persistence in the previous
features and the emerging of two additional modes associated with higher interest rate levels
around 15.5 percent and 18.5 percent. As we move to considering the whole data set, we
expect to find evidence of a prolonged passage of the series below the 4 percent line but
still in its vicinity. This is confirmed by our estimated spatial density displaying a minor,
additional mode at the corresponding value [Figure 3 (c)].

Given the features of the estimation procedure, in a finite sample we expect to be able
to identify very well the true functions of interest at points that are visited often. After a
quick look at the graph of the estimated local time in the full period 1973-1995 [Figure 3
(c)] we anticipate that problems will arise for interest rates in the 20-24 percent range. as
the time spent by the sample process in this range is fairly small.

In Figure 4 we report our results for the spatial hazard rate process. In the period 1973-
1980 we recognize a non-monotonic increase in the interest rate risk [Figure 4 (a)]. Two
peaks can be detected, around 6 percent and 11 percent. Notice that they correspond to the
modes of the sojourn density in the same period. When we include the observations from
1980 to 1982 [Figure 4 (b)], the already identified peaks survive and two new ones emerge
roughly at 16 percent and 20 percent. Notice, also, that the confidence bands are very broad
at interest rates above the 20 percent threshold, implying unreliable inference. It is worth
recalling that the same information is contained in the estimated spatial density. In effect,
the empirical process appears not to spend much time in the 20-24 percent range. This

justifies the uncertainty embodied in the wide confidence bands.!? The same considerations

A similar feature will characterize the estimates of the two functions of interest, whose asymptotic
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apply to the full period 1973-1995 [Figures 4 (c)].

A simple accounting exercise further clarifies the information contained in the estimated
spatial density. Between 16 percent and 18 percent we have at our disposal 80 observations.
The number increases to 114 between 18 percent and 20 percent but it is only equal to 28
between 20 percent and 22 percent. The number of observations in the 22-24 percent range
is 3. Most of the data is concentrated in the 6-8 percent and 8-10 percent ranges: 1197 and
1516, respectively. In what follows we will inspect the drift and diffusion functions in the
range up to 22 percent. In fact, the dimension of the empirical local time of the process for

interest rate values above the 22 percent threshold would make inference very unreliable.

12.3. Non parametric results

Moving to the estimation [c.f. Section 14, Subsection 14.1] of the curves of interest, Fig-
ure 5 (a) and Figure 5 (b) plot the nonparametric estimators, with 95 percent asymptotic
confidence bands. The drift term appears to be nonlinear as opposed to most conventional
parametric specifications [c.f. Section 10 and the next subsection|. Nevertheless, it mean-
reverts strongly only when it approaches the upper bound of its range. Up to values close
to 15 percent, the short-term rate virtually behaves as a martingale, since the drift is sta-
tistically significant but economically negligible. In Aft-Sahalia (1996b) the drift reverts at
both ends of the theoretical domain due to the adopted parametric specification but is very
close to zero between 3 percent and 24 percent, that is over the sample domain. Ajt-Sahalia
(1996a) assumes a linear mean-reverting drift from the start. Stanton (1997) and Jiang
(1998) work with a different series?® but their drift dynamics resemble the general features
of our findings. Similar to the results in Ajt-Sahalia (1996b) is the drift estimate in Jiang
and Knight (1997).2! A common feature of this literature is to imply the unpredictability
of the short rate over most of its range since the process evolves over time as a martingale.
Mean-reversion comes into play only at the extremities of the sample range.

The nonlinearity of the drift could account for atypical dynamics. In effect, during the
1980 to 1982 period a change in parameters seems to occur [c.f. Figure 1].22 The estimated

confidence bands will be broad around the upper bound of the range of the sample process.

*They both use daily values of the secondary market yields on 3-month U.S Treasury Bills. The time
horizon is January 1965 - July 1995 in Stanton (1997) and January 1962 - January 1996 in Jiang (1998).
The series is converted from discounts to annualized compound rates.

! They use daily data of the Canadian 3-month treasury bill rate from January 2, 1982 to January 31,
1995.

2 Ait-Sahalia (1996b) reports that “...the mean o of the process with drift u(r,8) = Bla — r) estimated
over 1980 to 1982 is significantly higher than the mean estimated on the rest of the sample...”

75

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



drift appears to capture this shift as it displays nonlinearities for high interest rate values,
largely corresponding to the same period. In general, as Ayt-Sahalia (1996b) points out,
misspecified linear models for the drift can hide nonlinearities as changes in parameters.
We will come back to this point later on.

We now turn to the estimates of the diffusion function. The diffusion term exhibits quite
conventional dynamics (CEV diffusions, for example) up to interest rate values around 16
percent. Volatility tapers off between 18 percent and 20 percent and then rises again.
A comparable result is contained in Jiang (1998). Up to 16 percent, his nonparametric
diffusion mimics the behavior of an estimated parametric CEV diffusion. Above 16 percent
his estimates suggest less volatility than implied by a monotonically increasing parametric
function in the CEV class. The diffusion function in Jiang and Knight (1997) displays a
“smile” with lower volatilities associated with interest rates at the lower end of the range
and in the middle. In Ait-Sahalia (1996b) the “instantaneous” conditional volatility of the
process has U-shaped dynamics. It is equal to about 1.7 percent at 0. It decreases to about
0 at 11 percent and then rises steadily. Its domain of variation over the sample range is
between 1.25 percent (at 4 percent) and about 4.3 percent (at 24 percent). The estimated
diffusion in Ait-Sahalia (1996a) is increasing over the range of the sample process but this
increase is non-monotonic. The function has an absolute peak at about 17 percent. The
diffusion function in Stanton (1997) is monotonically increasing.

In the next subsection we will see that a CEV diffusion with an exponent equal to 3.
i.e. o2(r) = const.r3, fits our data very well up to about 16 percent. When paired with a
drift function which is almost zero over the same range, such a diffusion function determines

possibly nonstationary dynamics. In effect, the model

dry = czmst.r?/ 2dBt (12.1)

which appears in Cox (1975) and CIR (1980), implies recurrent [Assumption 2.1 in Section
2, Part I, is satisfied] and nonstationary [c.f. Table 1 in Ait-Sahalia (1996a)] behavior for
the spot interest rate series over (0,00).

Here we are not taking a stance on stationarity. We simply notice that using a method-
ology that is robust to deviations from the existence of a time-invariant marginal density,
we obtain shapes for the two functions of interest that give support to the necessity of being

cautious about the stationarity of the series in question. This point is coherent with the
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results of our preliminary unit-root tests.

We now discuss the significance of the estimated nonlinearities at high rates.

12.4. A parametric comparison

A quick look at the overall shape of the two functions suggests that some conventional
parametric models might not be severely misspecified. For instance, between 0 and about
16 percent the dynamics of the interest rate diffusion function can be well replicated by a
conventional CEV model for the instantaneous variance. This observation is important. By
not specifying a particular parametric structure, functional methods avoid misspecifications,
but do so at the expense of a greater estimation error than their parametric counterparts.

Here, we undertake a simple exercise to assess whether credible traditional parametric
models lead to reliable inference in the presence of well behaved functions like the ones
we have just estimated. The estimation method we use is a conventional GMM [see CKLS
(1992) for a well-known application|. Notice that we do not attempt to estimate consistently
parametric continuous models by use of discretely sampled data. We only intend to compare
the outcome of a naive?® but very commonplace technique to our previous findings. We
assume, for simplicity, a continuous-time model as in CKLS (1992), namely (10.4) with

a2, a3, 4, }30,51 = 0, that is

dre = (ag+aire)dt + (\/3r)dB,

= (ag+arre)dt + (or)dB (12.2)

where r is the spot interest rate and B is a standard Brownian motion. As usual, alternative
conventional models of the short-term riskless rate of interest can be nested in the specifica-
tion in (12.2) with appropriate parameter restrictions [c.f. Section 10]. For instance, a; =0
and v; = 0 deliver the Merton model (1973). Provided a; < 0 and v, = 0, formula (12.2)
gives the Ornstein-Uhlenbeck process in Vasicek (1977), whereas y; = 1/2 characterizes the

process introduced by CIR (1985). The constant elasticity of variance (CEV) specification

#IDiscretizations are approximations. The relationship between parameters in the continuous-time format
and in the discrete time analog is not straightforward [see, for instance, Drost and Werker (1996) and Nelson
(1990)]. Recall, also, the temporal aggregation problem in Grossman, Melino and Shiller (1987), Breeden,
Gibbons and Litzenberger (1989) and Longstaff (1989b, 1990a). Despite all this, there is a tendency to
think that the error introduced by discretizing is of second order importance if changes are measured over
short periods of time [CKLS (1992) and Campbell (1986)]. This point provides a justification for using the
procedure with daily data [note that CKLS (1992) use monthly observations|.
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proposed by Cox (1985) and Cox and Ross (1976) requires ap = 0. In Brennan-Schwartz

(1982), 71 is equal to 1. We consider the discrete-time econometric specification,

Tl =Tt = 0+ aiTe +Eel (12.3)
2 2
Elee] = 0, E[5?+1] = 'ygr,’“

We follow CKLS (1992) in defining the relevant moment conditions.?* The results of this
exercise are reported in Table 5.

We start with the drift function. All the parameter estimates are significant. In CKLS
(1992) the drift parameter estimates are statistically insignificant, implying that a linear
mean-reverting structure fits our data set better than the data set examined in CKLS (1992).
A graphical comparison between our functional estimates and their parametric counterparts
is contained in Figures 6 (a) and 6 (b). Obviously, nonlinearities cannot be captured by
a linear parametric structure. Nevertheless, nonlinear dynamics do not play a substantial
role up to the upper extremity of the range of the sample process. Note that up to about
15 percent our nonparametric drift is measured precisely in a tight neighborhood of zero.
Still, the parametric specification displays mild mean-reversion. Where nonlinearities arise,
the unrestricted parametric model seems to mimick sufficiently well the behavior of the
functional estimates with the exception of interest rate levels above 20 percent. Moreover,
the parametric curve lies within our asymptotic 95 percent bands. This is an important
point. A vanishing nonparametric drift up to about 15 percent implies that the interest rate
process behaves as a martingale over a region of its range. Further, the tight nonparametric
confidence bands in the same region and the shape of the asymptotic bands of the parametric

drift function®® suggest that the difference between our nonparametric specification and the

#Define a vector # with elements aqg, @1, ¢ and v;. Given €141 = req1 — re — @g — auTe, let the vector
fe(8) be
et
Eet1Te
fi(8) = 2 22
€ey1 — ‘;o;;, !
(€81 — Wi )re

If the restrictions implied by the discrete time model hold, then E[ f:(8)] = 0. This observation provides
us with a set of four moment conditions. In what follows we utilize the optimal weighting matrix Wr(6) =
’11‘(23.—.-1 f:(8) fe(8)"). The asymptotic covariance matrix can be consistently estimated by

T T
PR S wXACNT 1 ¢ 3fe(8)y-1
77 2=j a0 | WrOll Y 507"
*3We use the A—method to compute parametric confidence bands.
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parametric model is statistically significant [Figure 7]. Less clear-cut is the behavior of the
drift function at higher interest rates, that is from 15 to 20 percent, and around the upper
bound of the range of the sample process, that is above 20 percent. Nonlinearities come
into play in a region where the available data is fairly thin. Here the linear parametric
model can hardly be rejected on purely statistical grounds. Nevertheless, as demonstrated
by the large nonparametric confidence bands and by the relatively large parametric bands,
the overall uncertainty in this region suggest caution in interpreting our results.

The parametric model is more satisfactory for the estimation of the diffusion function.
The specification is nonlinear. The CEV structure only fails to capture dynamics such as
those detected for interest rate levels around the upper bound of the sample process. Up
to 16 percent, the nonparametric and the parametric curves overlap almost perfectly. Not
surprisingly, the parametric exponent in the variance term is estimated very precisely. This
is a conventional result. In CKLS (1992) v, is about 1.5 and almost two standard errors
above one. Further, all models which make 4; < 1 are rejected. Qur estimated v, takes
on a similar value. Even though a more complex specification is needed to fit the diffusion
curve around the upper bound of the interest rate range, the estimated parametric diffusion
lies almost everywhere within our estimated asymptotic bands.

Some observations on the behavior of the functions at high rates are in order at this
point. If we believe the dynamics of our interest rate series can be described by a stochastic
differential equation then, as pointed out by many authors including Ait-Sahalia (1996b)
and CHLS (1997), traditional parametric structures do not completely capture the overall
behavior of the series in the relevant domain. One could also argue that the series cannot
be described by an homogeneous process in the period from 1980 to 1982, corresponding
to high interest rates, since regime shifts are likely to occur (the rest of the series is fairly
well behaved). We believe this issue should not be a major concern. We are not inclined
to support the shift-in-regime point of view because nonlinearities such as those detected
for high interest rate values (in the period 1980-1982) can produce dynamics resembling
time-inhomogeneous changes. Thus, our findings appear to support one of the conclusions

in Ayt-Sahalia (1996b), namely

“..models, like linear drift and CEV diffusion, will mask nonlinearities as changes

in parameters...” %5,

*8CKLS (1992) conclude that the shift in the Federal Reserve monetary policy in October 1979 did not
79
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We now look at the plausibility of a nonlinear mean-reverting drift from a statistical
perspective. Some complications arise. First, even assuming stationarity, the drift func-
tion is not constrained to display a specific shape at high rates provided the elasticity of
the CEV instantaneous variance is sufficient to balance the drift dynamics and determine
reversion to the center of the stationary distribution of the process. This point is made in
CHLS (1997). They show that what matters for mean-reversion is a “pull” measure defined
as the ratio between the drift and two times the diffusion function. Stationarity can be
volatility-induced. In consequence, should the series be stationary, the uncertainty related
to the lack of sufficient observations at high rates would add up to the absence of a strong
theoretical motivation for drift-induced mean-reversion. This would make conclusions on
the dynamics of the drift at high rates quite arbitrary. The potential nonstationarity of the
series complicates matters even further.?’

Second, at the edges of the sample range the drift is more easily biased in small samples.
As for the upper bound, we know with near certainty that the maximum value achieved by
the interest rate process in our sample is almost surely lower than the theoretical maximum
value. Hence, the drift term is almost surely too low at the upper edge of the distribution
of the data. The contrary is true for interest rate values at the lower bound. Still, the
size of the bias depends on the volatility of the sample process. The volatility is very
low at the lower edge of the sample but, as we discussed before, quite high at the upper
edge. Therefore, a downward bias is more likely to occur at high interest rates,® thus
strengthening our concerns related to the thin data available.??

Finally, as pointed out earlier, the estimated parametric curves lie within our asymptotic
confidence bands for high interest rate values. Hence, the simple unrestricted parametric
model proposed here cannot be statistically rejected for values in the vicinity of the upper

bound of the sample process.

result in a structural break in the interest rate process. They interpret this result as suggesting that their
volatility structure (our unrestricted CEV specification) is rich enough to capture the apparent change in
the interest rate behavior in the post-1979 period.

*TThese observations are somewhat stronger than one of the conclusions put forward in concurrent work
by Jones (1998): in a Bayesian framework, he shows that the use of uninformative Jeffreys priors does not
result in statistical evidence for a nonlinear drift unless stationarity is imposed.

31 thank Chris Sims for pointing this out to me.

*In independent and parallel work, Chapman and Pearson (1998) reach a similar conclusion using a
weighted least-squares estimation procedure applied to the data set in this paper and in Stanton (1997).
They also show that the estimation methods propased by Stanton (1997) and Ait-Sahalia (1996b) suggest
nonlinearities of the type reported in the corresponding papers even when applied to sample paths simulated
from a (linear mean-reverting) square root process. They conclude that the nonlinearity of the short term
interest rate drift is not a “stylized fact”.
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To summarize, certainly small sample biases do not affect our functional estimation pro-
cedure for the drift in the range up to 16 percent. The spot rate behaves as a martingale up
to about 16 percent. At higher values it mean-reverts nonlinearly but a standard paramet-
ric linear mean-reverting model for the drift cannot be rejected in this region. Qur results
appear statistically unreliable, even though economically sensible, for interest rate values
between 20 percent and 22 percent. This observation can be applied to most papers in the
literature since nonlinearities usually play a role in scarcely populated regions of the spot
interest rate domain. Notice, though, that if we were interested in pricing, then potentially
imprecise inference for interest rate levels that are hardly ever visited should not be a major

concern.
13. Conclusion

A new descriptive and estimation approach for possibly nonstationary diffusion processes
is implemented. As for the descriptive side of the suggested methodology, we extend re-
sults recently illustrated by Phillips and Park (1998) and Phillips (1998) in the unit root
econometrics literature, to tackle the investigation of the spatial characteristics of time se-
ries modelled as solutions to potentially nonlinear and nonstationary stochastic differential
equations. We construct and study spatial densities and spatial hazard rates. Further, we
discuss how to use the information contained in the spatial dynamics of the underlying
process to help develop a flexible approach to the functional estimation of stochastic differ-
ential equations under minimal assumptions on the distribution of the underlying process
and using only a discrete sample of observations [c.f. Part I for a rigorous treatment]. We
believe it is of primary importance to be able to achieve identification of both the drift
and the diffusion function in situations where one of these is of primary concern and the
other function is treated as a nuisance parameter. In effect, estimation without resorting
to cross-restrictions permits us to obtain reliable inference when restrictions are hard to
impose, namely when the solution to the stochastic differential equation is nonstationary.
As a matter of fact, the evidence regarding the stationarity of some crucial financial time
series, such as interest rates and exchange rates, is quite ambiguous.

We apply the new methodology to the analysis of the dynamics of the short-term interest
rate process in continuous-time. We use a well-known data set in empirical finance, namely
the Bank of America 7-day Eurodollar spot rate (midpoint bid ask) [Ait-Sahalia (1996a,b)].

In this work we provide statistical evidence of martingale behavior for our interest rate
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series over the restricted range up to about 16 percent. This suggests that the short-term
process displays less predictability than implied by a linear mean-reverting structure for the
drift. As for the nonlinearity of the drift at values between 16 percent and 22 percent, we
cannot interpret it as a purely economically driven phenomenon, due to the possibility of a
small sample bias in this range. This is particularly true in the range between 20 percent
and 22 percent. In effect, “the time spent” by the empirical process at values about its
upper edge is very small, thus making conclusions based on statistical inference potentially
arbitrary. In consequence, we do not attempt to put forward conclusions on the dynamics
of the drift about the upper extreme of its range. We only suggest that, after we take into
consideration the potential for statistical artifacts, the non-linearity of the drift can account
for the atypical dynamics often interpreted in terms of structural breaks or regime shifts.
A parametric CEV structure mimics very well the behavior of the diffusion function over
most of its domain.

In a recent paper, Pritsker (1998) points out that methods based on the estimation of
the marginal density of the interest rate process [for example, Siddique (1994), Ait-Sahalia
(1996a,b) and Stanton (1997)] fail to account for the effects of time-dependence in finite
samples. The method suggested in this work relies on a more general notion of density and
the temporal dependence in the trajectory of the short-rate process plays a role.

Note that our functional drift and diffusion functions can be used to test alternative
parametric models of the short-term interest rate process based on a testing methodology
that matches parametric specifications to their nonparametric counterparts. Due to the
larger identifying information and the generality of “spatial” methods, this procedure is
likely to have better size properties and more power than testing methods based on density-
matching [c.f. Pritsker (1998)].

14. Proofs and Technical Details

14.1. The choice of the kernel and window widths

The smoothing parameter h, 7., and the spatial smoothing parameter €, 7= OTe set as

=~ —k
hn,T=l = Cpdrn
= = c.5.n ke
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where G, is the estimated unconditional standard deviation of the series over the period
of interest, n is the number of observations, ky, k. are positive exponents depending on the
limit theory of the specific estimator and cy, cc are constants of proportionality. For practical

purposes, T is set equal to 1.

14.1.1. Estimation of the sojourn times and spatial hazard rates
We use a second order Epanechnikov kernel as it simplifies calculations for the hazard
functions, i.e.

K(z) = 3/4(1 - )1, 1)

We set cf™ = 3.5 and k"™ = 1. The value for the constant is chosen to guarantee
informativeness. In the periods 1973-1980. 1973-1982 and 1973-1995, the numerical values

of the smoothing parameters are 1.455 percent, 2.05 percent and 1.459 percent, respectively.

14.1.2. Estimation of the drift and diffusion function

We employ a Gaussian kernel. but the use of an Epanechnikov or an exponential kernel

would not change qualitatively the results. The drift window widths are set as follows:

o

ct'l:“ift -
k:ﬂft -
Cg‘rifl =

kgrift _

YU NS [y X

As for the diffusion window widths, we set

I

[44)

i
kh'ff —

I =

|
B O s O
. o

kgi!f —

The pairs cﬁﬁf t, kﬁﬁ" * and c:i! f, k:if ! are chosen equal to 3.5 and % for coherence with

citime and kime. The values B = 36 and ™" = 4 are set larger than c:if f=35=
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ciime  In consequence, the limiting distributions that we use in the paper are (11.8) and
(11.10). The constant c*// = 3.6 is set smaller than c2™/* = 4 for consistence with the
asymptotic theories [c.f. discussion in Section 11]. Different (but plausible) values for c2 drift
that are chosen to be larger than c#f do not affect the results qualitatively.

The numerical value of hd"f ¢ and hd’ﬂ 1s 1.459 percent. The numerical values of the

dri ft dz £f

spatial bandwidths € a.nd €, 7= 218 1 6 percent and 1.5 percent, respectively.

14.2. Proof of Theorem 10.1

Assume the same model and the same properties as in Florens-Zmirou (1993). We follow

Florens-Zmirou (1993) in the proof. Consider the quantity

-1
Yot 1x, m—zi<ha X+ 1)a0 — Xian]
Y1 Lx,, . ~zi<ha}

ﬁ(n)(z) =n
We want to assess the asymptotic properties of

\/Zml 1 11X, /n—zi<hn} (E[ i 1{IX.,n—z1<h..}"[(X(z+1)An' ian) = l‘(I)/"l)

S 1%, aei<hn)
] Y Lx, . ~zi<ha (X i+ A, — Xia,) — u(z)/n]
\/ S 11, mei<ha)
ni Y- 1%, 0 —al<hn} (X 1)a0 — Xian) — #(2)/0]

V2ha V Lx(z)

where u(z) is a bounded function. Define

%.l

-

1 [nt]-1

n2
M,)(t) =‘\/= o Y 1gx,—ai<hall X+ 1an = Xian) = p(z)/n]

i=1

and

Nh-

miy1 = Tf——l{lx‘,n-xkh..}[(x(i-r-lm..‘XlAn /"'I

Hence,
[nt]-1

A/[(n)(t) = Z mit1.
=1
We denote by 9/, the conditional expectation with respect to 8% = a(Xs;s < ifn).

i/n
We know that 8:’5 C S8  where 38

i/n i/n

is the filtration generated by Bs with s < i/n. If
under conditions on h, compatible with h,, — 0, nh, — co and nh% — 0 the following four

expressions hold, namely
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[nt]-1

z %‘i/n("li-b-l) L 0
=1
[nt]-1

Y Sim(miyy) & U(z)Lx(t 2)
i=1

[nt]—1
> SyalmiaP 20
i=1
[nt]-1
Y Sin(miibin) 20
=1
where ¥(z) is a generic bounded function of z. then the sequence of processes (Mn)(t), Bn)(t)),
with Mn(t) defined as before and By,)(t) = Y11 b,y with by, = B(EtL) — B(£), con-
verges in distribution to the process (U(t)y(z)Lt,z), B(t)) where U(t) and B(t) are indepen-

dent Brownian motions. We start by verifying condition (A).

Sim(Miv1) < [Si/n(mic)|
i

ni (i+1)/n (i+1)/n
= eyl [ HCds+ [ 0By - e

i/n

(i+1)/n

= \/2n—| {IX,/,‘—IKII.,.}gt/n[/ (I‘-(Xs) - p(:l:))dsl

t/n

m-—-

(i+1)/n
- m’ (umsicmSal [ () = g+

(i+1)/n
. / (1(Xs/m) = () ]

/n
. _nd G+/m
= —_/—2nhnll{lx./n—zi<M}gi/n[[/n (1 (Xi/n)|Xs = Xifnl + 0(|Xs = Xi/nl))ds

(i+1)/n
+ / (const.| Xy/m — 2| + o[ Xy/n — z))ds]|

i/n

I

ni 1
oMt s LK yn=zi<ha}Si/nl SUP | X = Xynll o] +

s<(i+1)/n

NI—

1
7" s B
1

= )3
n2 n?

+const. J_l {IX\/n —:|<h"l} I + const. \/Q—l {le/n—z|<"n}o(—)|

We apply Burkholder-Davis-Gundy (BDG) inequality to the random quantity < /n[SUPs<(i+1)/n [ Xs—

Xi/n” to obtain
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n3 1 (i+1)/n .
Qi/m(mit1) < const. \/—| (X /n—2l<hn} Si/nl [ o?(Xs)ds|2|

i/n

Nl

1
+const. _ Qy/mlo( su Xs — Xi/ml) =
\/——-l {|X;:/n—z|<hn} 1/n[ (i+11))/n.l s t/nl)n”

uo.—-
ul~

hn
~+const. \/—I (X, /n—zl<ha}—-| + const. \/‘_)'—-|1{|X‘,,.-z|<hu}°(‘—)|

Summing up over i's and neglecting the smaller order of magnitude, we get

[nt]—-1 Z[ntl— {]X (<} 1
gi . < t. 1yn~T < 1/2_
; /m(miy1) < cons Snh, ) (nhn) - +

[ntj—1

+const. (Zi:l 1{|X|/"—'.‘tl<hn}) (hn3/2)

2nhy,

. Z?:l-l l{lx ~z|<hn
We have just used the result == .M“:" <At o Op(1). This is proved in Florens-Zmirou

(1993).

Proposition (Florens-Zmirou (1993)) If nh} — 0 and nh, — o0 as n — oo, then

2&'_‘_‘] ll(lx;/n —z|<hn} . 2 .
o converges (in the L® sense) to the local time Lx(t,z).

We now verify condition (B). We add and subtract “—a’n(—"l to obtain

7a)

2 1
Sim(miy,) = _hﬁ‘l{lx./,,—z'I(hn}gi/n[(X(i-i—l)A.. - Xinn)? - +

oX(z)  pP(z)
- Xarna, = Xia,) + — =+ —5*]

_ou( z)

IA

1 (i+1)/n
T L0k amremntSial [ 20K = Xepau(X,)ds

i/n
(i+1)/n (i+1)/n
+ / X, — Xi/n)o(X,)dB; + / (6¥(X,) — o*(z))ds]
" t/n
u(z)
* n 2h,. Si/nl{ix, n-zi<ha}( X(i+1)a0 = Xita) +

13(x) o¥(z
,hl{lxd..-zkh..} 2 +2hn1{lx./..—zl<hn} )
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We examine the first term. By applying Cauchy-Schwartz (CS) inequality and BDG in-

equality and neglecting terms with smaller order of magnitude, we write

1 (i+1)/n (i+1)/n
Elﬂxi/n—xkhn}%"/"[// Q(Xs - X,/n)#(X,)dS + // Q(X_, - Xi/n)O’(X,)dB,
i/n i/n
(i+1)/n
+ [0 — o
i/n
1 (i+1)/n (i+1)/n
= ml{l)f-/n-zkhn}gi/n[// 2(Xs - Xi/ﬂ)”(x’)ds +/ (0’2(X,) - 0’2(1:))(18]
I /n /n
1 /2 (1+1l)/n on1/2
< mlux,,,,—thnu 2y/m[ sup  (Xs — Xiyn)l?) 3‘/71[/ |(X)lds]?)Y
“ s<(i+l)/n i/n
G+im , (i+1)/n
+ [ ) - X + [ @ 0tia) - o
t/n i/n
1 1 (i+1)/n o
< Const.mlgx.,,.-thn};(Si/n[[/n a?(X,)ds])
1
+C0'fl8t.ml{|xtln_z|<hﬂ}7
< const,— HIXyn=ai<hn} comst.h 11X,/ ~zi<hn}

vn 2nh, 2nhy,
Now we sum up over is and the previous expression can be bounded by const.(ﬁ +

hn)Op(1). The second term is

u(x)
|—= | 1{;x.,n—z|<h,.}3f/n(X(f+1)A..— iAn)
/.t(l’) (i+1)/n
= |— ”hn {;x.,,—zt<nn}3;/n[//n p(X,)ds
(i+1)/n
+ / (X,)dBy]
n
ﬂ(l‘) (i+1)/n
|—= hn 1(1X, ) ~zl<hn} Si/nl //n 1(X;)ds]
1 1
S CMSt— hn {Ixt/n Il(hﬂ}
Summing up over i's, we obtain
[nt] -1
B(z)
1= l z L X, ) u~zl<hn} Si/n(X(i+1)a0 — Xinra)
=1

< — .
< const nOp(l)
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The third term is

1 p3(x) 11
Oy L Xinsl<ha} 7 S CONSET S (X, 2l <ha)

and then,

p R 1w3(z) 1
Eﬂ- Z l{lxi/n-1'|<hn} 2 Sco'nst.—’;Op(l).

=1

The fourth term is

! a?(x) R 1
ml{l){.‘m—zkfh} N = 0"'(1’) <_—2‘nh«n 1{!‘“’,”_:!(,,“}) N

Hence,

intj-1 1

2
o (.'L') Z ‘)nh" l{lxt/n-ﬂ(hn} Ldz(I)Lx(t,x).

i=1 =

Thus,

(nt]—1
Z %i/ﬂ(mtz+l) 2 o (z)L(t, z).

=1

We now verify condition (C). By using previous results, it is easy to prove that

S et B L

Hence,
[nt] [ne]
1 2im1 Lyx, u—ci<hn}
g~ . 3 i/n M
; :/annt+1| < CO'nSt-(nhn)l/? Inh,
1
= cmst.WOp(l).
But (n—h:)'ﬁ — 0 as n — oo since nh, — oo. Along the same lines, we prove that (D) holds.
Write

SQim(Miv1biv1) < [Syn(Misibiz)| =

1
\/g):l{lxun-zkhn} X

X|Di/nl(X+1)a0 = Xian) — #(z)/n)(Bi+1)a, — Bina)ll
1
o 11X, n-zi<ta}Si/al( X118, — Xiaa)(Bi+na, — Biad)ll +

IA

1 ()l
e HiXyn-al<ia} - [Si/n(B+na, = Bia, )l
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Since 9 C 92, the Brownian motion B, is a martingale with respect to the filtration 3%
generated by {X,;s <t} , hence Sy/n(B(i+1)a, — Bia,) = 0. A simple application of CS
inequality gives

1
g‘i/n(m'i+1bi+l) < \/—iﬁlﬂxi,,,—zkhﬂ}x
X|(Si/n(Xisr1)an = Xian)) Y 2(Sim(Busa, — Biaa)$)?
1
< const.\/—T_hn.l{lx‘/n_I|<hn}(3¢/n()((,'+1)A“- iA,,)2)1/2.

From previous results we know that the order of magnitude of I;/,(X(i+1)a, = Xin ) is

1
n then
Si/n(Mic1bivy) < const -—1—1 L
i/n i+ = \/‘m {|x|/n‘:'<hﬂ}\/ﬁ
1/2
< CO"St-thﬂl{]X,/,,-:Kh,.}-
Hence,

[nt] [YICI
E : . b 1/2 L{1X,,n~zI<hn}
Si/n(Mmiz1bis1) < const.hy E _——')nhﬂ

i=1
< const.h)/ 2Op( )
and this last inequality verifies condition (D).

To conclude, if hy is such that as n — oo, hy — 0, nh, — oo and nhi — 0, then
conditions (A) through (C) guarantee that M,)(t) converges to a Brownian motion U, with
quadratic variation (U], = ¢?(z)Lx(t,z). Further, condition (D) implies that Usa(z)L(t.2)
and B; are independent Brownian motions. Then,

i 1{1X.,..-=u<hﬂ} Bn)(T) — p(z)
\/ ( ) ) < N(0,1).

oz

But this last expression gives

Vhn (B (@) % o(@)(Lx(t,2) 74N (©,1)

and, so

~ 1
o) =05 (7).
This proves the stated result.
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14.3. Proof of Theorem 11.1

See Part I, Section 5, Theorem 5.1.

14.4. Proof of Theorem 11.2

We write the estimation error as follows.

P~
=i

———) - Zr(Tv 7‘))

1 1 /T re—r - 1 -
= K( )ds — L (T,r) + 0as. | —(D,7)%°°
h (h"'? 0 hn.T ¢ hn,-T-( 'T)

! K=" (—1—) L(T.a)da - T.(T, r))

&5
S

hy7 J-o h, 7 a?(a)

1 [ 1 = - =
= h l/ K(q) (__—_—) L.(T, hn'Tq +r)dq — LT(Tvr)]

o?(h, 79+ )

We omit the stochastic order term since it is negligible in the limit under the assumptions

made on the bandwidth parameter hn.T' Then,

1 hd 1 — - =
- (/_m K(q) (W) LT, h, 79+ r)dg — L(T, "))

n,

=i

1 ) ~ )
= e ( » K(qg) (m) (Lr(T, ho7q+r) — L(T, r)) dq)
. o*(r) —o*(h,zq+1)) | -
. hn 1 (-/: K ( o?(h, 79 +)o%(r) ) LT, ")dQ)

1 1 = =
= [ - K(q) (0'2(hn'fq +r)) 22 \/}:‘} (L’(T’ hoza+7) = Le(T' ) ) da}
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o%(r) —o*(h, 7 +7)
o%(h, 7q +r)o(r)

] ) L.(T, r)dg.
\/ hnf -

The second term is negligible as n — oo (and h, 7 — 0). In fact,

1 o0 o?(r) — o*(h,7q +1)
r—hnj [/-'oo K( ) ( a.z(hnjq+ r)a2(r)

1 const.h, 1q — as
< [ / K(q) : L (T,r)dg] = 0 when h 7 — 0.
—oc

2 — 2
Thr 52k, 74+ r)o%(r)

We now examine the first term

) L"’(T7 I‘)dQ]

[ i K(q) ( ! ) 29 L (LT(T, ho7q+ 1) — Le(T, r)) dq|.

02(/1"‘71(] +7r) hn o

We use Lemma 3.5 in Part I, Section 3.

Lemma (Limit theory for the local time of a diffusion] Let X satisfy the properties
in Assumption 2.1, Section 2, Part I. Let r and a be fized real numbers and treat {Lx(t,r+

$) = Lx(t,r)} as a double indexed stochastic process in (t,a). Then, as A — oo
1
sVMLx(tr+5 ) Lx(t,r)} L B(Lx(t,r).a)
where B(t,a) is a standard Brownian sheet.

Then,

1 1 = —
%@ (z775—m) 2 (LT hygq +7) = Le(T.r)) da]

49 [T K (;217)) B(L, (T, ), q)dq
49 [° Kig)® ( e ETorha )dq
gz(a(lr)) CT)" [ KB, qdg

-00

d4 (a(r)) T.T.r)"? F K(q)B(q)dq
(

=55) E@r) 8 (0 [7 [ i, ok @K (s)daas)

This proves the stated result.
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14.5. Proof of Theorem 11.3
We know that
L.(T.r) % T.(T,r)

provided ﬁ(An,T)Q = O(1) for some a € (0, ). Hence, a simple application of Slutsky’s

theorem gives

»

LTr) e L)

= == = ﬁr T. .
[P L.(T,s)ds S Le(T, s)ds T-r)

2

r(T’ r) =

We now study the asymptotic distribution. First, we examine the term [ L.(t, s)ds.

0~
L.(T,s)ds
r
R [® 8s—r;
_ T / A"T)ds
nhn.T =197 hn.T
T i r-rtAnj)
T n = h, 7
T . . i,
= K( P )ds + 0q.s. 5 — (A, 7)?
0 nT nT
o r—a, 1 — 1 1
= — ) ——— da + =)2"¢
[ R g ke ““(h#%ﬂz)

Y
= [ LT a)da+ous (—l—m,, fﬁ-‘)
r h'n.? '

The last equality derives from noticing that

X oo K(s\ds O(hf:;—f) forr>a
(hn‘f)‘ r-a (s)ds = 1-0(h:+1_})forrsa

where the order of magnitude depends on the features of the kernel function [c.f. Part I,

Section 4, Assumption 4.1]. Hence,

__ [#.(T,r) - B.(T, 7]
hot ©
- 1 fr(T, T) _ Zr(T, 7')
hor | [PL(T,s)ds Jr Le(T,s)ds
1 [ :L:r(_f, r) — L(T,r) . L
B L.(T Since (An‘)ze—’Oasn—»oo
ho L [P L(T,s)ds + 04.5.(1) hog' T
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Then, by a simple application of Theorem 11.2 it follows that

1 (I.(T,r)-L.(T,r)
/hn,T j;,°° L.(T,s)ds
s =
4 4 1 kL.(T,r)
M (0’ (a(r)) (f*L(T, s)ds)?

d 1 \2k(H.(T,r))?
M (0’(a<r>) A )

where k = [ [7° min(s, ¢)K(s)K(g)dsdg. This proves the stated result.

14.6. Proof of Theorem 11.4

See Part I, Section 5, Theorem 5.5.
14.7. Proof of Theorem 11.5
See Part I, Section 5, Theorem 5.6
14.8. Proof of Theorem 11.6
See Part I, Section 5, Theorem 5.11
14.9. Proof of Theorem 11.7

See Part I, Section 5, Theorem 5.12

15. Notation

—a.s. almost sure convergence

—p convergence in probability

=, —y weak convergence

= definitional equality

0p(1) tends to zero in probability

Op(1) bounded in probability

0a.s.(1) tends to zero almost surely

Oas.(1) bounded almost surely

=d distributional equivalence

~d asymptotically distributed as

MN (0,V) mixed normal distribution with variance V'

14 indicator function for the set A
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Table 1. Summary of the features of the data set

| Source Bank of America 7-Day Eurodollar (midpoint bid-ask) |
| Frequency Daily

Sample Period | 1 June 1973-25 February 1995

Sample Size 5505 observations |
| Type Continuously compounded yield-to-maturity (annualized rate) |

Table 2. Traditional descriptive statistics for the data set in Table 1

[ Spot Interest Rate | First Differences |
[ Mean ~ 10.0836 -0.0000035 ]

Standard Deviation | 0.0355 0.004070

Daily p(1) 0.9936 -0.2710

p(2) 0.9908 -0.0347

p(3) 0.9883 -0.0377

p(4) 0.9863 0.0297

p(5) 0.9839 -0.1789

p(10) 0.9779 -0.0173 |

Monthly autocorrelations are reported in Ayt-Sahalia (1996a,b)
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Table 3. Summary of the results of two nonstationarity tests for the series in Table
1. We implement the augmented Dickey-Fuller test (ADF) and the Z tests in Phillips
(1987). We consider a constant and a trend in the fitted regression.

Constant and trend in the fitted regression

Auto parameter | Test statistic | 1% value | 5% value | 10% value
ADF test | 0.9963 -2.3447 -3.9978 | -3.4318 | -3.1617
{ Z(a) test | 0.9923 -19.4572 -28.9388 | -21.2162 | -17.9117
[ Z(t) test | 0.9923 -3.1383 -3.9978 -3.4318 -3.1617
Automatic window width
Z(a) test | 0.9923 -21.0867 -28.9388 | -21.2162 | -17.9117
Z(t) test | 0.9923 -3.2655 -3.9978 | -3.4318 | -3.1617

'[

|

Note: In the ADF test the number of lagged first differences in the fitted regression
is equal to 5. In the Z(a) and Z(t) tests the number of autocovariance terms to
compute the spectrum at frequency zero is equal to 5.
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Table 4. Summary of the results of two nonstationarity tests for the series in Table
1. We implement the augmented Dickey-Fuller test (ADF') and the Z tests in Phillips
(1987). We consider a constant in the fitted regression.

| Constant in the fitted regression I

Auto parameter | Test statistic | 1% value | 5% value | 10% value
["ADF test | 0.997 -2.0918 34583 | -2.8710 | -2.5936
[Z(a) test | 0.9935 ~16.2600 -19.8270 | -13.7251 | -11.0755 ]
|
Z(t) test | 0.9935 ~2.8608 34583 | -2.8710 | -2.5936
1

Automatic window width
l
[Z(a) test | 0.9935 -17.6300 -10.8270 | -13.7251 | -11.0755

Z(t) test | 0.9935 -2.9781 -3.4583 [ -2.8710 [-2.5936 |

Note: In the ADF test the number of lagged first differences in the fitted regression
is equal to 5. In the Z(a) and Z(t) tests the number of autocovariance terms to
compute the spectrum at frequency zero is equal to 5.
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Table 5. We estimate a linear mean-reverting model for the drift in the CEV class
as in Chan, Karolyi, Longstaff and Sanders (1992). We impose various restrictions
on the parameters (bold figures) to obtain conventional parametric models for the
short-term interest rate process.

| (0) a(1) ¥(0)?  [+(1) X d.f.
| Model
|
{ Unrestricted CEV 0.1320 |-1.5918 | 4.1295 | 1.49
r (0.0494) | (0.6981) | (2.0264) | (0.1095)
( !
CIR 0.0776 |-0.8549 ] 00323 [0.5 | 38.37 T ]
(0.0488) [ (0.6901) | (0.0023) [5.83e—0.10
[ Vasicek 0.0621 | -0.6614 | 0.0021 |0 59 1
{ (0.0488) [ (0.6903) | (0.0001) 1.5e—0.14
[Restricted CEV 0 [0.2375 [3.3280 | 144 ] 698 |
| 17(0.1340) | (1.7105) | (0.113) [ [0.0082
Brennan and Schwartz || 0.1035 | -1.1919 | 0.4136 |1 14.27 1
(0.0489) | (0.6911) | (0.0279) 0.000158
M

Notes: The parameters are estimated by GMM [we follow CKLS (1992) in the
implementation, see text|. Standard deviations are in parentheses. The results of
Hansen’s (1982) test of overidentifying restrictions are reported. P-values are in

squared brackets.
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Figure 1: Graph of the series.
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Figure 2: Graph of the first differences of the series.
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Figure 3: Functional estimates of the local time process.
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Figure 4: Functional estimates of the hazard process.
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Figure 5: Functional estimates of drift and diffusion function.
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Figure 6: Comparison between the functional estimates and a parametric linear mean-

reverting model for the drift in the CEV class as in Chan, Karolyi, Longstaff and
Sanders (1992).
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Figure 7: Comparison between the functional drift and a linear mean-reverting drift
as in Chan, Karolyi, Longstaff and Sanders (1992).
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Part IIT

Fully Nonparametric Estimators for
Diffusion Models: a Small Sample
Analysis [with Thong H. Nguyen]

16. Introduction

Stochastic differential equations play an important role in modeling economic time series.
They are largely used in continuous-time finance, for example. Unfortunately, even in
finance and for many processes of interest, relatively little is known about how to correctly
parametrize the functions that describe the solution to the stochastic differential equation
of interest, that is the infinitesimal first and second moments [ y(.) and o(.) in (17.1) below].
This issue has led many researchers to design estimation methods that do not rely on the
necessity of imposing a parametric structure up front.

Fully functional estimation procedures have been recently proposed by Jiang and Knight
(1997) [JK, henceforth], Stanton (1997) and Bandi and Phillips [BP, hereafter| (c.f. proce-
dure in Part I).3° While their limiting properties have been discussed at length [c.f. Florens-
Zmirou (1993), JK (1997), Bandi (1999) and Part [ in this thesis|, no work has been done
on the analysis of their performance in finite sample.3! We believe this issue is particularly
important due to the widespread use of continuous-time modeling in economics, and espe-
cially in finance. In consequence, the goal of the present chapter is to investigate the finite
sample properties of the above-mentioned estimators in the presence of several simulated
underlying processes.

We address six main questions.

[1] How well alternative methods capture the main features of the functions of interest,

that is drift and diffusion [i.e. analysis of the small sample bias]|?
(2] How volatile are the finite sample estimates?
[3] How well the asymptotic theories approximate the finite sample distributions?

(4] How important is the choice of the kernel?

¥In this chapter, the definitions “the BP estimators” and “the estimators in Part [” are used
interchangeably.

1n a recent paper, Jiang and Knight (1997) compare their functional approach to existing perametric
methods in the literature.
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[5] How important is the choice of the bandwidth(s)?

[6] How crucial are some of the statistical properties of the underlying processes, such as

stationarity and temporal persistence?

The main results of our analysis can be briefly outlined as follows.

We confirm that the infinitesimal volatility of a process is easier to identify than the
infinitesimal first moment in finite sample. Furthermore, we stress that identification of the
drift is intimately related to the appropriate choice of the bandwidth parameter(s). We know
that for estimators that are robust to deviations from stationarity [c.f Stanton (1997) and
Part 1], the admissible bandwidth for diffusion estimation can be theoretically smaller than
the admissible bandwidth for drift estimation [c.f. Bandi (1999) and Part I for discussions].
The reason is that local information suffices for consistent estimation of the diffusion but
is not sufficient for consistent estimation of the drift [c.f. Ayt-Sahalia (1996a) and Part I,
for instance|. This reality is confirmed by our simulations. Consistently with Bandi (1999),
we point out that an appropriately chosen, larger (than for diffusion estimation) window
width for the drift generally would not determine oversmoothing. Rather, it would help
capture the salient features of the infinitesimal first moment of the underlying process. In
effect, for most of the processes examined in this chapter [i.e. non explosive and persistent
processes|, we expect the drift to be fairly smooth and quite flat. This, in turn, implies that
the extent of the estimated nonlinearities in the finance literature on the estimation of the
short-term interest rate process [c.f. Stanton (1997), for instance| can be partly induced
by erroneous choices of the smoothing parameter(s) causing undersmoothing [c.f. Bandi
(1999) for a discussion of this point]. In effect, nonexplosion and persistence are typical
features of US interest rate data. Undersmoothing can then be invoked as a explanation
for the estimated nonlinearities that complements alternative theories in the literature [c.f.
Jones (1997), Chapman and Pearson (1998) and Part II in this work].

Theoretically, the drift estimation of processes which revert towards the middle of their
stationary distribution at a fast pace [low persistence processes| requires optimal bandwidths
whose magnitude is close to the optimal magnitude in the case of diffusion estimation.
Below, we discuss the technical reasons for this result. A simple intuition is sufficient here.
Processes whose speed of return to the long run mean is fast, display a fairly steep, negatively
sloped drift function. Excessively large bandwidths can oversmooth the drift in this case and

introduce too much bias. This observation implies that a window width for the drift that
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is roughly as large as (or slightly larger than) the one used for diffusion estimation can be
justifiable in the presence of low persistence. For highly persistent processes a substantially
larger smoothing parameter is needed due to the flat nature of the infinitesimal first moment
across points in the range of the process.

Being the drift estimator proposed by JK (1997) intimately related to the estimation
of the marginal density of the process and the diffusion function, the theoretical require-
ments on the underlying process that are needed for this method to be well defined (i.e.
stationarity) are tighter than in Stanton (1997) and BP. In the presence of stationarity, this
estimator tends to underperform slightly the alternative methods analyzed here for com-
parable choices of the window widths. On the other hand, it does not lead to excessively
misleading inference when stationarity is not satisfied.

The potential need for a larger smoothing parameter for the drift when straight sample
analogues to conditional expectations are used as in Stanton (1997) and BP lies at the heart
of the potential trade-off between optimal bandwidth for the drift and optimal bandwidth
for the diffusion coefficient. An excessively large window width might oversmooth the
diffusion but be suitable for the drift. Unfortunately, the asymptotic condition that the
admissible smoothing parameter for the drift needs to satisfy depends on the stochastic
properties of the underlying continuous-time process. through its chronological local time.
This is a random quantity that provides an assessment of the time that the process spends
in the vicinity of every spatial point [c.f. Phillips and Park (1998), Part I and Part II. for
example|. In particular, the rate of convergence to zero of the window width depends on the
rate of divergence to infinity of the local time of the process. The later can not be assessed
in closed form apart from few specific processes, such as Brownian motion [c.f. Part I]. This
implies a fundamental difficulty in choosing the correct smoothing parameter for the drift.
The same difficulty does not occur when estimating the diffusion function. Volatility can
be identified locally. Hence, the stochastic properties of the process do not play a vital role.

Interestingly, though, the implementation of estimation procedures based on double-
smoothing as in Part I seems to improve the above mentioned trade-off, thus making the
need for finding the correct window width for the drift less compelling. The idea is very
simple. Sample analogues to conditional expectations based on convoluted kernel functions
can achieve in finite sample the level of smoothing for the drift that weighted averages
based on simple kernels would guarantee with relatively more appropriate choices of the

bandwidth. Of course, double-smoothing might impose a cost in terms of oversmoothed
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second moments, but our finite sample analysis suggests that the benefit outweighs the cost
considerably.

Finally, the asymptotic theories generally reproduce quite accurately the characteristics
of the finite sample distributions. Even though a bias can be present, small sample distri-
butions are sufficiently close to normals with variances that are numerically similar to the
variances that the limit theories predict, mainly at spatial points that are often visited by
the sample process. As expected, the larger is the number of observations at a point, the
smaller is the bias of the estimated drift and diffusion function at that point and the closer
is the finite sample distribution to its asymptotic counterpart. This result generally holds
across estimators and underlying processes.

This chapter is organized as follows. Section 17 discusses two alternative assumptions
on the underlying continuous-time process. The asymptotic features of the estimators that
we examine in this work depend on the validity of either one of these two assumptions.
In Section 18 we describe the estimators in JK (1997) and Stanton (1997) and provide
an outline of their limiting properties. Section 19 illustrates five simulated process. We
simulate processes that have been, or could be, employed as descriptions of the short-
term interest rate process in continuous-time finance. This will allow us to comment on
the practical implications of our findings and relate our results to previous results on the
empirical estimation of diffusions. In Section 20 we discuss the simulation exercises. Section

21 concludes. Proofs are in Section 22. Notation is in Section 23.
17. The model

As in Part I, we consider the process {X}; t > 0} that is the solution to the homogeneous

stochastic differential equation (SDE)

dX; = p(X:)dt + o(X;)dB, (17.1)

with initial condition Xq = X. B, is a standard Brownian motion defined on the filtered
probability space (£2, 32, (3#)t>0, P). The initial condition X € L? and is taken to be
independent of {B; : t > 0}. We define the left-continuous filtration

S :=a(X)vSE =0(X,B,;0< s < t) 0<t<oo

and the collection of null sets
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R:={N CQ;3G € S with N C G and P(G) =0}.

We create the augmented filtration
§‘f:=a’(§gUR) 0<t< .

We impose Assumption 17.1 and Assumption 17.2, below, in the study of (17.1). Both
Assumption 17.1 and Assumption 17.2 ensure the existence and pathwise uniqueness of a
nonexplosive solution to (17.1) that is adapted to the augmented filtration {§f‘}. Assump-
tion 17.2 guarantees stationarity by ensuring the existence of a time-invariant stationary
distribution for the process {X;; ¢ > 0} and by making the process start out in the stationary

distribution.

Assumption 17.1

(A) u(-) and o(-) are time-homogeneous, B-measurable functions on D = (I, u) with —oo <
| < u < 0o where B is the o-field generated by Borel sets on D. Both functions are at
least once continuously differentiable. Hence, they satisfy local Lipschitz and growth
conditions. Thus, for every compact subset J = [1/H, H| with H > 0 of the range of

the process, there ezist constants Cy and Ca such that, for all z and y in J,
lu(x) — py)l + lo(z) - o(y)| < Cilz -yl
and
lu(z)| + lo(z)| < Co{l + |z}

(B) d%()>0o0n D.

(C) [Feller’s (1952) necessary and sufficient condition for nonexplosion]|. We define V(a)

L0 sz b

where S'(z) is the first derivative of the natural scale measure,
“ 2p(z)
S(a) = / /1' [————] dz}dy.
(@) = [ exp{) |~Top| 4=ty
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We require V(a) to diverge at the boundaries of D, i.e.

lim V(e) = lim V(a)=

a—l{+t a—u~

As discussed in Part I, under Assumption 17.1 the stochastic differential equation has

a strong solution X, that is unique, recurrent and continuous in ¢ € [0, T]. X, satisfies

t t
Xi=X+ / u(Xs)ds + / o(X,)dB,
0 0

a.s., with [ E[X?]dt < co.

Assumption 17.2
(A’) is defined as (A) above.
(B’) is defined as (B) above.

(C’) Let M(a), the speed measure, defined as

[ a2 e

converge at both boundaries of D. Further, let S(a), the natural scale measure defined in
Assumption 17.1 (C), diverge at both boundaries of D.

(D) Xg is distributed as g, the time-invariant density of the process.

17.3 Remark (C') imposes a structure on the solution to the stochastic differential equa-
tion which is substantially different from the structure determined by (C). The condition
on the speed measure guarantees the existence of a time-invariant marginal density for X;.
Under Assumption 17.1 the process might not have a stationary distribution function. Fur-
ther, contrary to the conditions on V' (a) that are necessary and sufficient for nonexplosion,
the conditions on the natural scale measure are only sufficient for nonexplosion. In fact,
the following implications can be easily derived [c.f. Karatzas and Shreve (1991, Problem
5.5.27, page 348)]:

S() = —00 = V(I*) = 0
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and
Su”)=+00=V({u")=o00c.
Under Assumption 17.2, the stochastic differential equation has a strong solution X,

that is unique, stationary, recurrent and continuous in t € [0, 7] {c.f. Ait-Sahalia (1996a,b)

for a discussion|. X, satisfies

¢ '
0 o

a.s., with foT E[X}dt < oo.

17.1. The objects of interest

We are interested in the functions p(.) and ¢2(.) in (17.1) above. They represent the first

and the second moment of the infinitesimal conditional distribution of X,. More specifically,

E{Xern — Xe|Xi} = u(Xe)h + o(h) (17.2)

and

E{(Xe+hn ~ Xe)!| X, } = 0*(Xo)h + o(h) (17.3)

where h is an arbitrarily small time step and o(1) is a standard order symbol such that o(h)
denotes a function converging to zero at a faster rate than h.

The functions u(.) and 62(.) drive the dynamics of the solution to the SDE (17.1)
since the transition density is written as a function of both u(.) and ¢2(.). In fact, the
transition density w(X; = z|Xo = z¢) is the unique solution to both the Kolmogorov

backward equation,

(X, = z|Xo = mXe=z|Xo=1zp) 1 Pr(X, =z|Xg = z
(Xe al 0 °)=u(-’vo) (Xe amloo °)+-2-02(a:o) ( tazzloo 0)

(17.4)

and the Kolmogorov forward (or Fokker-Plank) equation,

(X =z|Xo=z0) _ Ip(@)m(X: = z|Xo = 70)) + 132(0'2(-’5)7’()(: = z| X = o))
ot - oz 2 0%z

(17.5)

with initial condition 7(Xgy = z| X = zo) = é(z — zp) where § is the Dirac delta function.
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17.4 Remark A heuristic derivation of the Kolmogorov backward equation is instructive
and can be easily laid out. We follow Chang (1999). Let the function ®(zg, t) be E=°[f(X,)].

We can write

D(zo, ¢+ h) = E™ f(Xesn) = E¥E®(f(Xi+a)l Xa] = EZ®(Xp, ).

Hence,
a"%:t"’tl = lm ,12{@(:.0,t + h) = ®(zo0,t)]
= lim > —[E"°<I>(Xh,t) ~ &(x0, t)]
L) 826 L]
= ’I‘i% 5 C‘Iu[a(péio )(‘Yh _ -'BO) + %_ag’:;go_él(xh - 1.0)2 +0(h)]
2
= u(zo)————d@éiz’ ‘) 10—2( 0 Z2z0:t) ‘ggg'" . (17.6)
If zo = X;, then
alpx) = U
_ Af(X)
T T ot
_ o B (X)Xl - £(X)
h—0 h
= (X, )ag(;{x,) %a’(xz)%%l. (17.7)

where A is the infinitesimal generator associated with the strong Markov process {X;;t > 0}.
We will refer to this important concept later on. Suppose now that the function f(X;) is
equal to 1{X; < y} for a fixed y. Then,

®(zq,t) = E*° f(X,) = P {X, <y} = F(t,zo,Yy)

where F'(t, zg,y) is the conditional cumulative distribution function of X; at y. F(t,zq,y)
can be plugged into (17.6). We can subsequently differentiate both sides with respect to y
and obtain the required result, that is equation (17.4).

Under Assumption 17.2 the solution to the SDE (17.1) is a stationary process. Drift
and diffusion function completely describe the time-invariant stationary distribution of the

process which is given by
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mola) = o exp | 251 (178)

The choice of the lower bound of integration z* in the interior of ® is irrelevant. It only
affects the choice of the constant C3 which is determined to guarantee that the density
integrates to one.

Formula (17.8) can be derived from the forward Kolmogorov equation (17.5) [c.f. Karlin
and Taylor (1981, 15.6.22)]. It implies that

1 le(Xi)m(X:))

u(Xe) = (K, ax, (17.9)
and
2 [
o%(X,) = m/o p(u)m(u)du. (17.10)

It is worth emphasizing that the assumption of stationarity (Assumption 17.2 above) deter-
mines the possibility of expressing either one of the two abjects of interest as a function of
the time-invariant distribution of the process and the other function. This is of substantial
help if we are interested in estimating continuous systems by use of discretely sampled data
[c.f. discussion in Part II, Section 10]. We will return to this issue later on.

More general expressions for z(.) and ¢(.) which are valid for stationary and nonsta-

tionary processes can be easily derived from (17.2) and (17.3), namely

.1
p(Xe) = lim ',;E{Xu-h - Xe|Xe} (17.11)
and
1
0?(Xe) = lim = E{(Xern — Xo)?| X} (17.12)

18. Nonparametric estimators

This section is devoted to the discussion of the fully nonparametric estimators for drift and
diffusion function in JK (1997) and Stanton (1997). As for the BP estimators, we refer the
reader to the discussions in Part I and Part II. As a caveat, we will not dwell on asymptotic
results since they are readily available elsewhere [c.f. Florens-Zmirou (1993), Jiang and
Knight (1997) and Bandi (1999)]. We will simply provide a brief illustration of them and
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refer to the relevant theorems in the original papers.3? Further, we will comment on the
features of the estimators that are relevant for a complete understanding of their finite
sample properties.

The symbols below have the usual interpretation in standard nonparametric analysis,
that is K(.) is a smooth kernel function and k is a bandwidth controlling the amount of
smoothing [c.f. Hirdle (1990)]. We impose Assumption 4.1 in Part I, Section 4, on the
kernel function.

18.1. Jiang and Knight (1997)

We assume that we observe X, at {t =t;,¢s,..,t,} in the fixed time interval [0, 7], with
T > Ty > 0, where Ty is a positive constant. We also assume equispaced data. So, {X; =
Xan X2, X3Amy - Xna, } are n observations at {t) = Ap, by = 205,83 = 3A4, ..ty =
nAn}, where A, = T/n. The diffusion function estimator is defined as

13 S K(Xiam2) [X(H-I)A.. - Xia, 2

5 = 18.1
(n)(x) An Z:r— K( ( )
From (17.9), the functional drift estimator is
- 1 aagn ’!ni(t)
By (2) = 35 _%;(i a?n)(z)A @ (18:2)

where 7y (z) = ;}: ol K(X—“,’;:-—z) is an estimate of the stationary distribution of the

process.

18.1 Remark The intuition behind (18.1) and (18.2) is simple. The diffusion function has
a lower order of magnitude than the drift function for infinitesimal time changes. Hence, the
local dynamics of the underlying process reflect more of the characteristics of the diffusion
than those of the drift. In consequence, the diffusion function can be estimated consistently
over a fixed time span provided the observation frequency is high, even in situations where
the drift is treated as a nuisance parameter [as in (17.12) and its sample analog (18.1)]. This
idea is contained in a paper by Florens-Zmirou (1993) where (18.1) is originally suggested
with K(.) being replaced by a discontinuous indicator function.

¥ For completeness and clarity, though, Section 22 reports the proofs of the theorems contained in the
unpublished paper by Bandi {1999).

114

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



The drift term can not be estimated over a fixed time span unless cross-restrictions
relying on the knowledge of the time-invariant density of the process are imposed [c.f. Ait-
Sahalia (1996a), JK (1997), Part I and Part II, for instance]. Assumption 17.2 needs to
hold to be able to construct the drift estimator based on (17.9). In fact, under Assumption
17.2, formula (18.2) defines a consistent estimator of the true theoretical function (17.9)
[which, in turn, is equal to (17.11)].

Limit theory for the diffusion function estimator [c.f. Bandi (1999, Theorem 2)]
Provided n — oo [the number of observations increases over o fized time span], h, — 0
and n'~*h2 — oo with € arbitrarily small, the estimator is consistent almost surely. If
nhi — 0,3 then we have convergence to a mizture of normal law (MN ), depending on the
chronological local time of the underlying process (see Part I and Part II], i.e.

Vnh, (a‘fn,(z) - 02(1)) 4 MN (0,4 ( K2(s)ds) f%%z‘*) :

-O0

where Lx(T,z) = s lime o L [ 1z zwe(Xa)d[X]s.

The conditions on the bandwidth can be easily rewritten. If k, o« n~*, then k € (ﬁ, %)

for consistency and weak convergence.

Consistency of the drift is proved in JK (1997, Corollary to Theorem 2, page 627) by
virtue of Slutsky’s theorem and provided the estimators of the marginal density function and
its first derivative are consistent for the theoretical functions, but this is a standard result
in nonparametric statistics [see Silverman (1986) for a general discussion and Ait-Sahalia
(1996a,b) for empirical applications in finance]. In effect, if nh, — 0o and nhS — 0, then the
distribution function estimator is consistent for the true function and asymptotically normal.
The conditions that ensure consistency and asymptotic normality of the estimator of the
first derivative of the marginal density function are nh3 — oo and nh3 — 0. The above
assumptions can be rewritten in the form hy, & n=* with k € (1, 1) for the marginal density
estimator and k € (1, 1) for the estimator of the first derivative of the distribution function
[cf. Jiang (1998)]. Weak convergence of the drift estimator to a Gaussian distribution
follows from applying the delta method to (18.2)

BIf nh} — oo, then weak convergence still holds, but the limiting distribution of the diffusion function
estimator is driven by the bias term in the estimation error decomposition [c.f. Bandi (1999, Theorem 2)].
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18.2. Stanton (1997)

X is recorded at {t = ty,t3, ...t} in the time interval [0, T], with T > Ty > 0, where Tg is

a positive constant. We assume equispaced data. Hence,
{Xe=Xa,7: X208, 11 X386, 7, s Xntar}
are n observations at
{ti = AnT.t2 =28, 7,13 = 3AnT, oy tn = nAn T}

where A, 7 = T/n. The diffusion function estimator is

-— Xl n -z
~ 1 Z?—.—.f K(‘%)[X(iﬂmn_r - iAn.le
o, miz) = : (18.3)
(».T) An T n X'An.T—x
' izt K(T )
The drift function estimator is
n~—1 'Y‘An.T -z
—~ 1 i=1 K(—h'nr_)[x(i'f'l)An.T - XiAﬂ.T]
Hny(Z) = 3 » > e . (18.4)
wT iz K(—2—)

18.2 Remark Stanton's approach is presented in the original paper [Stanton (1997)] as
a methodology based on approximations to the true functions. The approximations can
be made finer and finer using the infinitesimal generator of the process (17.7). As already
commonplace in the finance literature, we will only analyze the performance of estimates of
the first order approximations, that is (18.3) and (18.4) above. Theoretically, it is entirely
appropriate to restrict ourselves to the first order approximations since they are proven to
be consistent for the true functions and have nice asymptotic properties as T — 00, n — 0o
and £ — 0 [c.f. Bandi (1999)].

18.3 Remark As in Part I, Bandi (1999) derives the limit theory assuming that the
time span becomes larger (i.e. long span asymptotics) as the distance between adjacent
observations decreases (i.e. infill asymptotics). The implementation of infill asymptotics
is necessary to estimate consistently continuous processes using fully functional methods.
Enlarging the time span is crucial to be able to identify the drift while avoiding the need
to impose stationarity on the underlying process [c.f. Remark 18.1 above, and Part II for a
discussion|. All that is needed to identify the drift is to assume that the process is recurrent,
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as it is given Assumption 17.1. Note that (18.4) is defined as a straight sample analogue to
(17.11). Since the theoretical drift is simply a conditional expectation, we wish to be able
to visit the conditioning level [or an arbitrarily small neighborhood of it] a large number
of times over time [in the limit an infinite number of times| and recurrence ensures that
this holds asymptotically almost surely. Clearly, the recurrence of the process can not be
exploited over a fixed time span (T). Hence, recurrence is not a necessary condition for
diffusion estimation since the diffusion function can be identified over a fixed time span
provided the number of observations increases [technically, the infinitesimal volatility is
part of the quadratic variation of the process and the quadratic variation is defined over a

fixed time spanj.

18.4 Remark Note that the BP estimators in Part [ can be regarded as the product of a
general approach to the functional estimation cf diffusions that encompasses specifications
based on simple smoothing of which the Stanton’s approach is an example. The relative

merits of double-smoothing in finite sample will be one of the objects of our investigation.

The details of the asymptotic results are contained in Bandi (1999). We provide a

concise illustration here and report proofs in Section 22.

Limit theory for the diffusion function estimator [Bandi (1999, Theorem 2)| If
n—o00, T — 00, byt — 0 (as n,T — oc) such that -ﬁ:—: — 0 and E’ﬁi’;—"l(z&n,r)" =
Oa.s.(1) for some « € (0, %), than the estimator (18.3) is consistent almost surely for the
true function. Further, if %25 — 0% and horLx(T,7) “% 0, then

Lx(T,z)har (%.T) (z) - a-z(z)) L MN (0,4 (

Ay K2(s)ds) 0’4(:1:)) .

In the fixed T case, the conditions on the bandwidth reduce to h, &x n~*% with k € ( %, %).

Limit theory for the drift function estimator [Bandi (1999, Theorem 1)] If n —
00, T — 00, hnr — 0 (as n,T — o) such that 52X — 0 and KL (A, 1)2 = 0, (1) for

. (%4
¥ The usual caveat applies in the case -A—"-'-”-} — oa.
",
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some a € (0, %), than the estimator (18.4) is consistent almost surely for the true function

provided hy, TLx (T, z) = 00. Also,

Ex(T,2hn (Fon(@) = (@) 4 208 (0, ([~ e ) o*(2))

18.5 Remark The comments that we made earlier on the BP estimators [c.f. Part I and
I1] readily extend to (18.3) and (18.4) with e, 1 being replaced by A, 7. More explicitly:

—
[1] The rate of convergence of the diffusion function estimator (\/ ——A———L X (Tfl_"“-r)

than the rate of convergence of the drift estimator (\/Zx(T,z)hn1)-

is faster

(2] In the case of diffusion estimation, the admissible bandwidth Ay, r can converge to zero
at a faster pace that in the case of drift estimation. In fact, when estimating the drift.
the condition Ly (T, z)h, T %> o0 imposes a tight requirement on the sequence hnT.
Furthermore, since the diffusion function can be identified in every neighborhood. it
is straightforward to find closed form solutions for the admissible bandwidths [c.f.
discussion above with T = T'|. Being the rate of divergence of the local time factor
related to the characteristics of the underlying process, the same possibility is ruled
out in the drift case. Then, small sample analysis can be particularly useful to find

informal guidelines to choose the relevant window widths [c.f. Subsection 20.1 below].

[3] The features of the limiting distributions clarify the sense in which enlarging the time
span is necessary only to estimate the drift. If T were fixed, than Lx(T,z) = Op(1)
and (18.4) would diverge at a speed equal to |/~ [c.f. Theorem 10.1 in Part II].

Later we will comment on the ability of the asymptotic theory to capture the salient

features of the small sample distributions.

18.6 Remark Note that if we use the same kernel functions and the same bandwidths,
the diffusion function estimators in Stanton (1997) and JK (1997) deliver the same outcome

in finite sample. In consequence, we will discuss only one estimated curve in what follows.

18.3. A final observation on the functional estimates

Since the diffusion function can be identified over a fixed time span, Assumptions 17.1

and 17.2 are excessively stringent. The diffusion function estimators considered in this
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chapter and in Part I maintain their limiting properties, even if the Feller's condition for
nonexplosion does not hold. In other words, the instantaneous volatility of a transient
process can be estimated consistently using the apparatus described above. As far as the
drift is concerned, Assumption 17.1 (i.e. recurrence) is necessary for consistency of the
estimators in BP and Stanton (1997), whereas Assumption 17.2. (i.e. stationarity) is

necessary for the estimator in JK (1997) to be well defined.
19. The simulated processes

In this section we discuss the choice of the simulated processes. We simulate processes
that have been, or might be, used as descriptions of the short-term interest rate process
in continuous-time finance. Qur aim is to verify the finite sample properties of the BP
estimators and of the estimators outlined above in the presence of underlying series that
display various statistical properties. In fact, we consider processes that satisfy either
Assumption 17.1 or Assumption 17.2 above. Their infinitesimal first and second moments
are parametrized as either linear or nonlinear functions. We specify parameter values that
are coherent with recent results in the finance literature on the estimation of the short-term
interest rate process (see Ait-Sahalia (1996a,b) and Part I1, inter alia, for discussions|. The
initial value is set equal to 0.067. The distance between observations A, is set equal to

1/250, that is we simulate daily observations.

19.1. Brownian motion (linear, nonstationary and recurrent processj

We start with the simplest nonstationary continuous-time process satisfying Assumption
17.1. We will be interested in evaluating how well methods robust to deviations from sta-
tionarity, that is Stanton’s (1997) and BP's, capture the features of the theoretical functions.
In this case,

©(.) =0 and 0?(.) = 0% = constant

Then,

dX, = odB, (19.1)

where {B;;t > 0} is a standard Brownian motion. The process can be simulated easily

because the transitional density is known, i.e.
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1 (@1 —x)?
V2rolA, expf 2024, k-

T Xer1 = Ter1|Xe =) =
We set a2 equal to 0.002.

19.2. Vasicek (1977) [linear, stationary and recurrent process]

The drift is specified as a linear mean-reverting function, i.e.

dX, = k(8 — X,)dt + odB, (19.2)

with 6 corresponding to the long-run mean of the process and x corresponding to the speed
of reversion to the long run mean. The solution to (19.2) satisfies Assumption 17.2 (A')-
(C') provided & > 0. If k > 0, than the stationary marginal distribution is normal with
unconditional mean 8 and variance % The parameter x determines the persistence of
the process by controlling the rate at which X, reverts toward the unconditional mean.
Lowering the value of x increases persistence because it slows the rate of mean reversion.
which increases the correlation between observations. Usually, higher persistence negatively
affects inference [c.f. Pritsker (1998) and Chapman and Pearson (1998)]. We will verify this
result.

As in the Brownian motion case, the process is easy to simulate since the transitional

density is known. In fact,

(Zer1 = 6 — (2 — fe™"8¢)2

1
V271s2(A,) exp{- 252(A:)

T(Xer1 = T 1| Xy = 1y) =

where s2(A,) = g—:[l —e 28],
We consider two different experiments. The second set of parameter values corresponds
to an increase in persistence [« |} that does not affect the second moment of the stationary

distribution of the process [0 | to keep 4‘2; constant as k |]. We set

(i) k = 0.85837, 6 = 0.089102, o = 0.0021854
and
(id) k = 0.214592, 6 = 0.089102, o2 = 0.000546.

The values are taken from Pritsker (1998) and are consistent with the estimated first and
second moments of the short-term interest rate data used in Ait-Sahalia (1996a,b).
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19.3. Cox-Ingersoll-Ross (1985) [affine, stationary and recurrent process]

The drift is linear mean-reverting as in Vasicek (1977) and the diffusion function depends

linearly on the underlying process, i.e.

dX; = k(6 — X,)dt + o/X.dB,. (19.3)

The parameters have the usual interpretation [c.f. Vasicek (1977)]. The process satisfies
Assumption 17.2 (A')-(C) if £ > 0 and 2x6 > ¢2. Under this assumption, the stationary

marginal distribution is gamma with unconditional mean 8 and variance %’:—, ie.

n(z) = - exp(—wz)

L(v)
where @ = %’;, v = %",4 and I'(.) is the gamma function. The transitional density is

noncentral chi-square,

q/2
m(Xew = 2ol Xe = 2) = cexp(~u—v) (3)" L(2vaw)

where

2k
o2l — exp(—r(A.)]’
u = cx; exp(—K(At))»

v = CIq,
g = v-1= M
o2

and [, is the modified Bessel function of the first kind of order q. The degrees of freedom are
2g + 2 and the noncentrality parameter is 2u. As usual, the knowledge of the transitional
density permits to simulate the process in a straightforward fashion.

We consider two different experiments. As in the Vasicek case, the second set of para-
meter values corresponds to an increase in persistence [k || that does not affect the second
moment of the stationary distribution of the process [0 | to keep %"3 constant as k |).

Specifically,
(7) k = 0.85837, 6 = 0.085711, o = 0.15660
and
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(i1) k = 0.214592, § = 0.085711, & = 0.07830.

The values are taken from Chapman and Pearson (1998) and are (approximately) consistent
with the estimated first and second moments of the data set used in Ajt-Sahalia (1996a,b).

Notice that in this model [and in Vasicek (1977)], the autocorrelation can be expressed as
CW[X¢+ANX£] = exp("KAt)'

As Chapman and Pearson (1998, Subsection 3.1, page 11) point out, a k equal to 0.85837
implies a first-order monthly autocorrelation coefficient which is equal to that of the Eu-
rodollar data in Ait-Sahalia (1996a,b), i.e. = 0.938. The second value, x = 0.214592 that
is, implies a monthly autocorrelation of 0.982, which is consistent with the upper end of the

estimated values for US interest rate data.

19.4. Ait-Sahalia (1996) [nonlinear, stationary and recurrent process]

Both the drift and the diffusion function are nonlinear, i.e.

dX, = (ag + a1 X + a2 X? + a3/ X,) dt + (\/,30 + X, + mxf“) dB, (19.4)

The process satisfies Assumption 17.2 provided the parameter values meet specific require-
ments (see Ait-Sahalia (1996b)]. The parameter values specified below make Assumption
17.2 hold, that is they imply stationarity. Notice that neither the marginal stationary dis-
tribution nor the transitional density are known. In consequence, we simulate the model
using a discretization scheme. We use a scheme with order-two error belonging to the
class of Milshstein approzimations [c.f. Milshstein (1974) and Duffie (1996)]. Milshstein
approzrimations are schemes of higher order than Euler discretization schemes.

The parameter values are set according to the estimated values in Ait-Sahalia (1996b,
Table 4, page 412), namely

ay = -5.652x 1073
a; = 9.648 x 1072
a = -5.349 x 107!
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a3 = 1.041x107*
Bo = 1.099x107*
& = -2.007x 1073
B3 = 1.329x1072
83 = 2051

19.5. Experimental process [Nonlinear, nonstationary and recurrent process]

Both the drift and the diffusion function are nonlinear, i.e.

ng = (ao + C!ng + C!Q/X'g) dt + (\/,30 <+ 51X¢ + /32Xt2> dB,; (195)

The process is nonstationary and non explosive (that is it satisfies Assumption 17.1) for the

parameter choice specified below. We set the parameter values as follows:

ap = —4.643 x 1073
o = 4.333x107?
a; = 1.304x107*
3 = 1.108x107*
3 = 1.883x 1073
3 = 9.681 x 1073.

As before, we use an order-two Milshstein approzimation to simulate the model.

20. The simulation results

In this section we report the outcome of our simulations by addressing the six questions
that we posed in the introduction to this chapter. A subsection is devoted to each question.

It is worth emphasizing from the beginning that we simulate 5000 daily observations
(A¢ = 1/250) from the five processes described above. We set the number of observations
equal to 5000 to replicate almost 20 years of data. This is consistent with the magnitude of
the data sets recently used in the investigation of the short-term interest rate process. We
use 1000 repetitions. In our preliminary analysis the estimates converge quickly even after
a few hundred repetitions, and 1000 repetitions is certainly deemed sufficient.
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20.1. Nonparametric estimates: small sample bias.

Two variables are to be chosen when implementing functional methods: the kernel func-
tion(s) and the window width(s).

We begin our experiments by setting the same kernel function across different methods.
The function that we use is a first order Gaussian kernel.

It is well known that the choice of the bandwidth(s) is crucial in nonparametric statistics.
Still, how to choose it properly is an open issue. While asymptotic results give us limit
conditions (i.e. orders of convergence) that the bandwidths. specified as sequences, have
to satisfy, little is known about how to set them in practice. In effect, what we choose is
a number rather than a sequence. Then, scaling plays a vital role. We now clarify this
concept.

In nonparametric regression analysis various methods have been proposed to select the
“optimal” bandwidth. Some of these methods have been used in the analysis of diffusion

models [Jiang (1998), inter alia]. For example, consider the standard regression model
Yyi = m(:r,-) + &

where y; is the i-th observation of the vector of dependent variables, z; is the i-th obser-
vation of the vector of exogenous variables, m(xz;) is a function of z; and ¢; is a regression
error satisfying certain properties. In regression analysis the so-called least-squares cross

validation bandwidth is chosen as the solution to the following criterion

R S :
min - Z;[yi — i (z:) P () (20.1)
=

where @(z;) is a weighting function introduced to reduce the impact of boundary biases
by giving less weight to observations that are at the extremes of the distribution of the
sampled process. The estimates m,(z;) are leave-one kernel estimates of m(z;) obtained
by considering every data point apart from the i-th observation in the estimation of the
function at the i-th observation. Under some assumptions, it can be proven that the LSCV
bandwidth is optimal with respect to performance criteria such as the average squared
error, the integrated squared error and the conditional mean squared error [c.f. Hirdle and
Marron (1985) and Stone (1984)]. Typically, we set the bandwidth equal to n, the number of
observations, raised to some negative power, i.e. h, = cn~*. The proportionality constant

c is chosen to satisfy the criterion

124

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



mm Z — e(z:)] 2@ (z:) (20.2)

which is just a version of (20.1). This procedure is consistent with the underlying asymptotic
theory, provided k is chosen accordingly, and allows us to determine the appropriate scaling
factor. Effectively, we choose a number. If (20.1) rather than (20.2) is implemented, then
k and c can not be identified separately. Generally, more complicated criteria are used.

Consider

rmn Z — me(zi))] w(:ri).‘.'-:.'(%, c) (20.3)

n =t
where Z(,¢) = 1+21K(0) and h = cn™* for some k consistent with the asymptotic theory
of the estimator m.(z;) being investigated. The function E(%, c) is known as Shibata peunalty
function. It is introduced to penalize excessively small bandwidths. Should this function
not be in the formula, then the criterion would determine overfitting and introduce too
much variation in the estimates3.

Unfortunately, procedures with a firm theoretical justification in the regression context,
such as (20.2) or (20.3) above, are not fully applicable in the case of diffusion models.
Even though we specify the drift and diffusion function estimators as sample analogues to
conditional expectations, the nature of the underlying process and of the true functions
makes the problem different from pure regression analysis. Still, criteria such as (20.3) are
widely used in the functional analysis of diffusions. Typically, y; is set equal to z;,; — z;
in the case of drift estimation and equal to (z;y; — z;)? in the case of diffusion function
estimation. Accordingly, m.(z;) is either & (z;)dt or ;ac(:z:,')dt. While this way of proceeding
has some appeal, it seems to be inaccurate and does not have a convincing theoretical
justification. Diffusion estimation resembles a typical regression analysis problem more
closely than drift estimation. This observation is embodied in the limit theories for the
diffusion estimators in Section 18 and Part I and derives from the rate of convergence which
is equal to the square root of the number of observations times the bandwidth (over a fixed
time span). Note, in fact, that this is the same rate that would emerge from a standard
regression context. Not surprisingly, then, when we implement the selection criterion (20.3)
in the diffusion case we experience nice convergence properties. A full-blown minimization

of (20.3) in the drift case tends to deliver a broad array of different values for the constant

33 Criterion (20.3) has been recently employed by Chapman and Pearson (1998) in the analysis of diffusion
processes.
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according to the specific trajectory being examined. Such values are generally quite large.
We regard the poor convergence properties as a sign that the criterion is misspecified (a
different standardization is likely to be needed). Further, we interpret the large values that
are generally delivered as a signal that the optimal window width for the drift is generally
larger than conventionally believed [c.f. comments in Section 18|. We will come back to
these observations. It is worth saying here that, in the light of our previous discussion, in
this chapter we use criterion (20.3) only for the diffusion and simply as an informal check.
The rigorous design of data-driven selection criteria for diffusions is certainly a topic of
interest for future research but goes beyond the scope of the present work.

Finally, we describe how the bandwidths are selected. Due to the difficulties in choosing
the correct window width for the drift we decided to implement a conservative selection
procedure. We now clariy what we mean by “conservative”.

We start with the diffusion function estimator in Stanton (1997) and JK (1997) {S-JK
diffusion, hereafter]. We set the bandwidth equal to hf:%!:(f"m) = con~* where 7 is the
standard deviation of the observations and n is the number of observations (which is equal
to 5000). The time span T is set equal to 1. We choose k and ¢ according to the limit theory

and criterion (20.3). The exponent k is chosen equal to i Theoretically, the bandwidth

edi{!(BP)

nT=1 in BP plays the same role as h:i:%f:(f—JK) provided

dif f(BP)
hn,T:l

_dif f(BP) _ o, diff(BP) _ diff(S~-JK)
In consequence, we set €nFer | = 2hn.T= L= hn,T:l .

As far as the drift functions are concerned, we start our experiments using the same

diff(BP))

= o(en,-f‘=l

bandwidths as for the diffusion function estimators, that is we choose window widths that
are potentially suboptimal [c.f. Section 18]. This is a useful way to proceed because it gives
us a feel for the extent of the suboptimality and for the corrections to be implemented.
We begin commenting on the diffusion estimators {c.f Figures 8-14, first column|. We
are not surprised to verify that both the S-JK estimator [Figures 8-14, first column and
first row] and the BP estimator {Figures 8-14, first column and third row] capture the
underlying functions quite well. They also deliver very similar outcomes across processes.
The magnitude of the differences is numerically minimal but differences do occur mostly at
the upper boundaries of the empirical range of the processes, that is where observations are
thinner. The relative merit of the two procedures in finite sample depends on the smaothness

of the true functions. Specifically, in the presence of flat diffusions [i.e. Brownian motion
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and Vasicek in Figures 8, 9 and 10] the BP estimator displays a smaller bias at the upper
boundary. The opposite result occurs in situations where the diffusion function is not a
constant. In small sample, this is due to the double-smoothing procedure that characterizes
the BP estimator.

We now discuss the drift estimators {c.f. Figures 814, second column]. The differences
across methods and processes are clearly more marked than in the diffusion function case.
Nonetheless, two main stylized facts can be detected. First, the suboptimal choice of the
window widths translates into undersmoothing. The selected bandwidths are generally
too small to capture underlying functions that are quite flat. This is not surprising. In
the case of the estimators in Stanton (1997) [Figures 8-14, second column and first row]
and Part I [Figures 8-14, second column and third row| the asymptotic theories allow the
leading window widths for the diffusion (i.e. hﬁf{-f %) in the former case and e:‘:{f (BP) in
the later) to have admissible rates of convergence that can be faster then the corresponding

rates for the drift bandwidths (respectively, h;‘:}.ﬂ(s) and Ef:;!t(ap)

). The reason is that local
information is not sufficient for identification of the infinitesimal first moment of a diffusion,
unless stationarity is invoked as in the case of the JK estimator for the drift [Figures 8-14,
second column and second row|. Being the JK estimator based on the restrictions imposed
by the distribution function of the process and its diffusion function on the theoretical

drift, pointwise identification based on local information is possible. Further, it is perfectly

(JK)
1

constant of proportionality can be calibrated to achieve better fit across models.

appropriate to set h:’}’; proportional to n~* with k = % as in the diffusion case. The

Second, with the sole exception of the Vasicek process in correspondence with low levels
of persistence [c.f. Figure 9] and for very high levels of the process itself, the drift estimator
proposed by BP does systematically better that the alternative methods in reproducing
the underlying drift function. This result is perfectly understandable and represents the
“flip side of the coin” of our findings in the diffusion case. Since the drifts are generally
quite flat, double-smoothing induces better fit. In other words, using BP we seem to gain
in terms of drift estimation while we slightly lose in terms of diffusion function estimation.
Note, though, that the gain clearly outweighs the loss. Hence, the trade-off between optimal
smoothing for the drift and optimal smoothing for the diffusion appears to be less severe
when a convolution of kernels is employed.

It is worth emphasizing again that we are using potentially suboptimal values for the
bandwidths. Therefore, we are not claiming that double-smoothing is a prerequisite for
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bias reduction. We are simply saying that a naive choice of the window widths seems to
penalize statistical fit to a lesser extent in the presence of convoluted kernel weights. Due
to the difficulties posed by the appropriate choice of the smoothing parameter for the drift,
this is a valuable information for empirical work. On the other hand, less naive choices of
the smoothing parameters determine minimal biases even when simple kernels are employed
[see below].

So far, two lessons can be drawn from our analysis.

1] Choices of the bandwidth that are optimal for diffusion estimation generally determine
undersmoothing for the drift.

[2] The trade-off between optimal bandwidths is less severe when we use convoluted
kernels. The price paid for oversmoothing the diffusion function is minimal compared
to the gain from bias reduction for the drift. Double-smoothing is in some sense more
“forgiving”: suboptimal choices of the smoothing parameters have a smaller effect on

inference.

Of course, the analysis is contingent on the specific processes being used. On the other
hand, we study a wide array of specifications with different statistical properties. Many of
the proposed specifications have been, or could be, used to model the short-term interest
rate process in continuous-time. Interestingly, some of our findings allow us to reassess the
informational content of one of the outcomes of the empirical literature on the spot interest
rate process, that is the estimated nonlinearities of the drift at the upper boundary of the
range of the sample process. Note that undersmoothing often implies nonlinear behavior
at the boundaries even in the presence of linear drifts. In a recent paper, Bandi (1999)
points out that nonlinearities might be partly due to erroneous choices of the smoothing
parameter. When using functional methods, imprecise choices of the window width would,
in fact, exacerbate the finite sample bias that naturally arises at the boundaries of the
empirical process due to the truncation of its finite sample distribution [c.f. Part II and
Chapman and Pearson (1998)]. Our simulations give support to the importance of the
bandwidth and somehow reduce the role played by the truncation in explaining nonlinear
dynamics.

We now increase the leading bandwidths for the drift, that is RATHUS)  pdriftlJK) opg

nT=1 ' nT=1
:"‘.fzt(la P) we implement two different experiments. We take the original “optimal values”
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of the window widths in the diffusion case and multiply them by 1.5 [see Figures 8-14, third
column| and 2 [see Figures 8-14, fourth column|, respectively.3® The results confirm our
intuition. Increasing the bandwidth generally determines better fit. Exceptions occur in
the case of the Vasicek and CIR processes for low levels of persistence [c.f. Figures 9 and
11]. In this cases, in fact, the original window widths appear to guarantee sufficiently small
biases over the entire range of the sampled process. The intuition goes as follows. Recall
that in the case of Stanton (1997) and BP, the asymptotic condition on the smoothing
parameters for the drift depends on the rate of divergence of local time to infinity. The
slower is this rate, the slower should be the rate of convergence of the leading bandwidth
sequence to zero. This should translate into larger numerical values. Theoretically, higher
persistence determines a slower rate of diverge to infinity of the time spent by the process in
neighborhoods, i.e. local time. In small sample, higher persistence determines fewer visits
to levels that are far from the initialization of the process and hence less precise estimates
at the boundaries of the empirical range of the process.

Then, the recipe is simple: “relatively small” bandwidths should be used in the pres-
ence of low persistence, whereas “relatively larger” bandwidths should be employed when
persistence is high (we will later clarify what we mean by “relatively small” and “relatively
large”|. This is perfectly understandable if we take into consideration the fact that the drift
of very persistent processes is quite flat. This remark has clear empirical implications. It
is a well-known fact that U.S. short-term interest rate processes are very persistent [c.f.
Pritsker (1998)]. The second value of the mean-reversion parameter s that we use in our
simulations of the Vasicek [Figure 10] and CIR [Figure 12| processes is equal to 0.2145 and
implies a monthly autocorrelation of 0.982 which is equal to the upper end of the estimated
values for US interest rate data [c.f. Chapman and Pearson (1998)]. Being the U.S. inter-
est rates slowly reverting, identification of their infinitesimal first moments requires larger
bandwidths. As mentioned earlier, inaccurate smoothing might, in fact, determine spurious
nonlinearities {c.f. Bandi (1999)].

These observations suggest a rough rule-of-thumb to choose the “leading” bandwidths
in the drift case:

[1] Start from a sensible choice of the diffusion bandwidth based on credible criteria such

3By virtue of the clear pattern that is determined by our (increasing) choices of the leading window
widths, the outcome of different choices can be easily deduced. As expected, the larger is the bandwidth,
the flatter is the estimated drift.
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as least-squares cross validation.

[2] Use the bandwidth choice in the diffusion case as a lower bound to select the drift
bandwidth.

[3] The numerical distance from the lower bound needs to be directly related to the
persistence of the process. Higher persistence requires larger values. Persistence can be

assessed by using a simple descriptive statistic such as the first-order autocorrelation.

20.2. Nonparametric estimates: small sample volatility

Apparently, the finite sample dispersion of the functional estimates is inversely related to
the amcunt of smoothing being implemented. On the other hand, increased smoothing
generally implies better fit (reduced bias) in the case of drift estimation. In other words, for
many of the processes considered here [namely for highly persistent processes|, the trade-off
between bias and volatility, which is a typical feature of regression analysis, does not play an
important role in the estimation of the infinitesimal first moment. Thus, consistently with
the limit theory that dictates potentially larger bandwidths for drift estimation than for dif-
fusion estimation, our simulations show that more smoothing (whether determined by larger
window widths or convoluted kernels) generally has the appealing feature of determining
more accurate fit and reduced volatility in finite sample.

The usual care must be exercised when dealing with processes whose reversion to the
mean is very fast. The drift of a stationary process can be identified locally [see JK (1997)].
Hence, we expect the bias-volatility trade-off to be more severe than for nonstationary
processes. Generally speaking, the extent to which the trade-off matters in estimating the
drift depends on the level of persistence. The drift of a process with high persistence can
be accurately estimated at a low cost in terms of dispersion by appropriately choosing a

relatively large smoothing parameter.

20.3. Nonparametric estimates: asymptotic distributions versus finite sample
distributions

We are mainly interested in studying the finite sample properties of the estimators proposed
by Stanton (1997) and BP. We confine ourselves to these two approaches since they are
theoretically more flexible than the approach suggested by JK (1997). In effect, they do

not rely on stationarity. Furthermore, even when the process is stationary our results show
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that no benefit seems to arise from using the JK drift estimator (recall that the JK diffusion
estimates coincide with Stanton’s) [see Subsection 20.1].

In Figures 15-17 we report the finite sample and asymptotic distributions of the Stanton
and BP estimators. The first two rows report the drift estimates in Stanton (1997) and BP
(1998) respectively, whereas the last two rows report the corresponding diffusion estimates.
The underlying processes are the CIR process (for two different levels of persistence) [Figures
15-16] and the Ait-Sahalia process [Figure 17|. The results are qualitatively similar when
using different processes.3” We compare the pointwise distributions at numerous levels in
the empirical range of the underlying process. The bandwidths are “optimally” chosen.
For the CIR process with low persistence we use the benchmark bandwidths {Figure 11,
columns 1 and 2|. For the A!t-Sahalia process and the CIR process with high persistence
we use the benchmark case for the diffusion estimates and the largest leading bandwidths
[from experiment 2 in Subection 20.1| for the drift estimates [Figures 12-13, columns 1 and
4].

The results confirm the validity of functional methods that do not rely on stationar-
ity for inference in small sample [c.f. Pritsker (1998) for a discussion of the limitations of
stationarity-based nonparametric and semiparametric procedures|. The finite sample dis-
tributions are sufficiently close to normals. The similarity to normals is very satisfactory at
levels in the middle of the empirical range of the process. Skewness plays a role at levels
that are close to the ends of the distribution. Consistently with Figures 8-14, biases arise
mostly at the extremities of the empirical range, that is where observations are thinner.
The asymptotic variances replicate quite well the finite sample variances. As in the bias
case, this is particularly true for values that are central to the empirical distribution.

The similarity between finite sample and asymptotic distributions is generally more
accurate in the drift case. In the diffusion case, we experience a relatively more marked
tendency of the limit theory to underestimate the true finite sample dispersions. A simple
pattern can be detected. The closer is the analyzed level to the lower end of the empirical
range, the further away from a symmetric distribution is the finite sample distribution and
the smaller is the limiting variance compared to the true finite sample variability. These
results generally hold across methods, processes and degrees of persistence. Of course,
at values whose corresponding local time is large (generally values in the middle of the

empirical range), the limiting distributions guarantee a relatively more accurate description

3 Similar graphs for additional processes can be provided on request.
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of their finite sample counterparts.

20.4. The choice of the kernel

Different choices of the kernel function K(.) that is used to weigh observations [or weighted
averages of observations as in the case of BP] do not affect significantly our inference in terms
of bias. The small sample variability is slightly affected and the direction of the changes
is generally coherent with the theoretical properties of the kernels being used. Also, the
relative performances of the estimators analyzed here does not depend on the choice of the
kernel.

As mentioned earlier, though, if we interpret the procedure suggested by BP as based
on convoluted kernel weights, it appears that double-smoothing might be advantageous to
estimate the drift without imposing a severe cost on the estimation of the diffusion function
[c.f. Subsection 20.1]. A possible explanation for this result is the following. There are no
theoretical reasons why Stanton (1997) and BP should deliver different results in the limit.
To phrase it differently, there are no theoretical reasons why double-smoothing and single-
smoothing should deliver different results asymptotically. The problem is that, as far as the
point estimates are concerned, “the limit” is “closer” for diffusion estimation than for drift
estimation. Volatility is easier to identify than the conditional mean. In consequence, in
the case of diffusion estimation, methods that guarantee consistent estimation deliver very
similar results even in finite sample [for comparable choices of the smoothing parameters|.
This is clearly not the case when estimating the drift. Unless close-to-optimally-chosen win-
dow widths are selected, different estimators for the drift generally produce quite different
outcomes. Then, the use of convoluted kernels might be beneficial for the reasons outlined
in Subsection 20.1.

Note that the estimators in BP are originally defined based on Gaussian kernels convo-
luted with discontinuous indicators. The use of a smooth function replacing the indicator
function is perfectly legitimate and, coherently with the asymptotic theory [c.f. Part IJ,
does not change the results qualitatively.

20.5. The choice of the bandwidth

As discussed earlier, the choice of the smoothing parameter is crucial and particularly
difficult when dealing with the drift estimator. The asymptotic theories and the simulations
presented here are consistent in paving the way for optimally choosing generally larger [than
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for diffusion estimation] bandwidths for the drifts. However, the stochastic conditions that
the drift bandwidths have to satisfy, i.e. €35Lx(T,z) “3 oo and AJ 7Lx (T, z) ¥ oo, render
the selection problem quite hard to solve explicitly due to the lack of closed-form solutions
for the rate of divergence of the local time factor [Lx(T,z)] to infinity. Since the drift of
a general process cannot be identified locally, the stochastic properties of the underlying
process play a vital role through the above-mentioned conditions. In consequence, we believe
among the most important contributions to the functional estimation of scalar diffusions is
now the design of sensible automatic selection criteria for the smoothing parameters.

Note that persistence affects the rate of divergence of the local time factor to infinity [c.f.
next Subsection|. Hence, coherently with Conley, Hansen and Liu (1997) we emphasize that
the optimal bandwidth should depend on the dynamic properties of the underlying process
[see Pritsker (1998) for a comment in the same spirit]. Qur previous discussion should also
clarify that this point is particularly valid as far as drift estimation is concerned. Being the
infinitesimal second moment of a diffusion locally identifiable, it is certainly less valid in the

case of diffusion estimation.

20.6. The statistical properties of the underlying process

We already discussed the importance of temporal dependence and its qualitative effect on
the optimal window widths for the drift through the local time-based conditions in the
previous sections. The general rule goes as follows. Since stationary processes are locally
identifiable [see JK (1998)], they require smaller bandwidths for the drift than nonstationary
processes, i.e. the rate of divergence to oo of the local time factor is faster for stationary
than for nonstationary processes. Further, within the class of stationary processes, higher
temporal dependence triggers larger bandwidths.

As mentioned earlier, for comparable choices of the smoothing parameters, the drift
estimator in JK (1998) does not outperform the more flexible estimators in Stanton (1997)
and BP in the presence of stationarity. Further, the JK estimator generally entails larger
biases at the boundaries. This is due to the poor convergence properties of the derivative
estimates at the upper and lower ends of the empirical range of the process. Interestingly,
when the underlying process is nonstationary [i.e. Brownian motion and experimental
process in Figure 8 and Figure 14|, the JK estimator delivers outcomes that are quite
comparable to those of the Stanton estimator [with the exception of the usual larger biases

at the boundaries|.
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21. Conclusion

When little is known about how to parametrize stochastic differential equations, accurately
implemented functional methods can represent valuable descriptive tools.

Theoretical justifications for employing functional methods rely on limit arguments
based on increasingly frequent observations. Coherently with JK (1998), we show that
daily data represent a good approximation to increasingly frequent observations for esti-
mators that hinge on high frequency observations [c.f. Part II]. In finance, for example,
daily data are readily available. In consequence, the difference between limit requirements
and finite sample data sets does not represent a major empirical problem. Hence, we re-
gard the fully nonparametric identificaiicn of stochastic differential equations as meaningful
statistical inference.

Local identification of the diffusion function using data that are sampled at daily fre-
quencies is easy to implement. Also, being the diffusion locally identifiable, the stochastic
properties of the underlying diffusion process do not play a vital role in inference.

As opposed to diffusion estimation, identification of the drift for general classes of
processes [as in Stanton (1997) and BP] is intimately related to the their stochastic be-
havior over time and requires observation of the trajectories over a long time horizon. Two
are the consequences. First, larger smoothing parameters for drift estimation than for diffu-
sion estimation are generally needed. Second, given the importance of stochastic asymptotic
conditions based on the local time factor in choosing the optimal smoothing parameter for
the drift, the actual choice of the bandwidth is particularly cumbersome. As a general rule,
the more persistent the process is, the larger should be the window width. In effect, per-
sistence negatively affect the speed of divergence of the time spent by a recurrent process
at a point (i.e. the chronological local time of a process at a point) to infinity. Being the
relationship between the admissible rate of convergence of the bandwidth sequence and the
rate of divergence of the local time factor inverse, a smaller local time requires a larger
smoothing parameter. Intuitively, more persistent processes have relatively flatter drifts
and, hence, demand increased smoothing. As discussed earlier, due to the significant per-
sistence of U.S. interest rate series, the nonlinear behavior of the drift in the short-term
interest rate literature might be partly due to inaccurate choices of the smoothing parameter
determining undersmoothing [c.f. Bandi (1999)].

Interestingly, even though the drift of a stationary process can be identified locally using
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the information contained in the time-invariant distribution function of the process [as in
JK (1997)], no clear benefit in terms of inference seems to arise with respect to the outcomes
of methods that are theoretically robust to deviations from stationarity [Stanton (1997) and
BP|.

To summarize, we believe the main issue in the functional estimation of diffusions is
how to correctly choose the window widths. A potential trade-off characterizes drift and
diffusion estimation. Should the same bandwidth be employed, the optimal drift bandwidth
would generally oversmooth the diffusion, whereas the optimal diffusion bandwidth would
generally undersmooth the drift. Still, as discussed earlier, automated criteria “borrowed”
from regression analysis provide some valuable indications in selecting a sensible smoothing
parameter for the diffusion function. The same consideration does not apply to the drift due
to the difference between drift estimation and regression analysis, thus making the design
of meaningful data-driven selection criteria more valuable in this case. This paper provides
some guidelines and a simple rule of thumb to choose the optimal window width for the drift.
We also point out that double-smoothing |as in Part I| based on a convolution of kernels
can, in finite sample, improve the trade-off between sensible magnitudes of the smoothing
parameters for drift and diffusion function estimation. Despite this, further research on
bandwidth selection criteria for diffusions is certainly needed.

The comparison between the finite sample and asymptotic distributions is very encour-
aging. As discussed in Part II and Bandi (1999), contrary to functional estimators relying
on the assumption of stationarity [c.f. Ait-Sahalia (1996) and JK (1997), inter alia], the
estimators in Part [ and Stanton (1997) have asymptotic distributions that depend on the
dynamic characteristics of the underlying process (such as persistence) through the iocal
time factor. This is a particularly nice feature since it is apparent that the finite sample
distributions depend on the stochastic features of the process. This observation provides a
possible answer to one of the observations in Pritsker (1998) where it is noted that kernel
estimators based on stationarity have the potential for misleading inference in studying the
short-term interest rate process due to the fact that “...the asymptotic distributions do
not depend on persistence although the finite sample distributions do”. As shown in this
chapter, estimators that are robust to deviations from stationarity have asymptotic distri-
butions that sufficiently well approximate their finite sample counterparts. Hence, when
using estimation methods such as those in Stanton (1997) and BP, the need for comput-
ing standard errors and confidence bands using bootstrapping procedures is certainly less
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compelling than suggested by Pritsker (1998).
22. Proofs

In this section we report the proofs of Theorem 1 and 2 in Bandi (1999).

22.1. Proof of Theorem 1 [Bandi (1999)]

We use, in parts, results contained in Part I. Consider the estimator

X; T %
o KL ) X rnanr — ianr]

X. T
Zt— —Aﬁi_')

~ 1
)u'n,T\z) = A T
n,

We start by proving that

fin.7(x) — p(z) = 0.

Since

(i+1)Aa 1 (i+1)An1
w(X,)ds + / o(X,)dB,

Xi+1)Anr ~ Xitnr = / "
1Qn,T

iAn T

then %, r(z) can be written as follows

oy o L T K SR [r T w(Xa)ds
#n,T - Aﬂ,T K(X'A"T I)

t"l hp.T
~— 2,

(a)

| T KRS (AT (X, )dB,|

X'An. -z
Anr S K(S8er 7T

haT

)
First, we analyze a. By the Lipschitz property of u(.) we can write

n— X -z i " .
1 TR K(ERIS) AT (1) = X))

An'T 1-1 K( XtA )
n— X: ,.
1 Zz_ll I )[I"(XtAnT)AnT]
Anr Z,_l K( Tionr ’)
1 X K(CRID) [p(Xian ) An]
< constk,T + yd e
Bnr z,_ Ko,
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where k, T = maxi<p sup |Xs — Xia, r| as in Part I. We know that k, 7 =
iAn 7SS+ AR '

Oa.s. (AI/ 2—6) with § arbitrarily small, then the bound becomes
— X
P K(—Ri— )[u(x,A,. r)Anz]
X;
A" T Zz-l K( A )

1/2—- 6)

const.oq . (A

By a straightforward application of the results in Part I [Section 5, Theorem 5.11], the
second term converges to p(z) provided -L-"hi“%"fl(A,,J~)1/2"e %% 0 and 2L A"T 22 0. In order

to prove a.s. consistency it remains to prove that 3 == 0. Notice tha.t the martingale
(1+1)ART 'AnT -z
Yi+Danr = fian, - K(—22—

where Si11)a, r = {A €3 A{(i + 1)Anr < t*} € O+ VE > 0}. Further,

)o(Xs)dBs is measurable with respect to 3iipa, o

E(yi+1a, ) =0

and, by the Ito isometry

(i"’l)An.T XA,, -T .
bi+1)an r = Var(Yi+1)a, ) = E ( / K2('—'T——)02(Xs)d8) <oo
ip.1 hn.T

Also, (Y(ir1)an 1+ S(i+1)A, o) is @ martingale difference sequence with zero mean and variance
8(i+1)A, - We now invcke a strong law of large numbers for martingale differences [e.g. Hall

and Heyde (1980, Theorem 2.19, page 36)] to obtain

n—l K( Xia, I)U;(AH'I)An.T O’(X,)dB,}

haT a3
ST

The rate of convergence is derived below. In particular, we prove that

) g 7 0(Xe)dBy ( L )
ZX(Tvz)h‘n,T

ﬁr lK( 'AnT z
An, X‘An. -z
ml}:,-ﬂx( onr )

T

This implies that 3 is negligible in the limit provided Lx (T, z)hnr = 00. Now we study
the asymptotic distribution. We are interested in the limiting properties of

ZZn,T(x) — u(z)

X
1 RN KERE)(Xaer — Xiawr) = #@)Ang]
- X; -z i
An’T %?T iy K( AnT )

First, we examine the numerator
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1 n—1 XzAn -
P Y. K(—h:T—)[(X(iH)A,.,T - Xia,r) — w(z)An7]
i3 1=1 Al

This can be written as follows,

1 n-1 XiAn —z
or 2 KR (Kesnr = Xiaor) = ua)dur)

haT
Xia,, 1' (i+1)An,1 (i+1)An,1
= ZK< 5( W(X) - s + [ o(X,)dB,
v iA,."r iAn.T
"“ - (1+1)An,r
- K(ZHnr — T ‘A"T Z / X,) - u(z)]d
,MZ . [1(Xa) — p(z)]ds
(An T)
X; - (i+1)A. 1
h.. ZK “” %) / #(X,)dB, .
Tl—l iAn,T
(Cn.r(l))

Consider Un1(r) = /hn,7Cn r(r) which is equal to

' -T (1+1)Aﬂ.r
“‘"T Zidar 7 7, / o(X,)dB,
iAn 1

(nr]-1
nT(r \/hn—T z

Upn 7 is a continuous martingale whose quadratic variation process (U, 1]r is

[nr]—1 ]
1 XtA - (H’I)Av\T
Un r = 1T 2 =L s
[Un.] hnT ; K haT )/iA.‘_T Xa)ds
[nr]—1 X _
= %ﬂ’% KH=E )02 Xin, 1 +0as.(1))
’ i=1 *
_ L T, X.—z Lx(rT,z) 1/2-¢
- i [ R EEDA s+ 0 (B 5, gy
= EI? [ K2(‘;;:)a2(a)fx(rT,a)da+oa.,(1)

= /m K2(c)o?(z + hn1¢)Lx (rT, z + hy rc)dc + 0q.5(1)
—oo
4 ( Kz(c)dc) oX(z)Ix(rT,z) + 0as(1).
—QC
Also, the covariation process (U, r, Bl — 0 a.s. Then, let

pn1(r) =inf{s: Uy 7]s > r}
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be a sequence of time changes. Define V,, 7(r) = Uy, 17 (pn,r(r)). The process V,, 7(r) is the
Dambis, Dubins-Schwartz Brownian motion of the martingale Uy, r [see, for example, Revuz
and Yor (1991, Theorem 1.6, page 170)]. The conditions on the variation and covariation

process are sufficient to ensure that
(Var,B) 2 (V,B)

where (V, B) is a vector of independent Brownian motions. Hence,

nri— - (+1)Anr
Unr(r) = ( Z K( ‘A"T I) / a(X,)dB,)

i=1 iAn 1

4v (( /_ : K2(c)dc> o*(z)Lx(rT, z)) :

This, in turn, implies that

Unr(l) SV (( /_ : Kz(c)dc) 02(x)fx(T,x)) .

Further,
Un.7(1) _d’ 2 0.2(_,[)
Z._ "_“7&_:_5) v (( -ooK (C)dc) Zx(T«-‘L‘)) ’
Hence,

= gl g st g Ranr T (DA (v, )dB,
Lx(T,z)hnT - .
Anr K( % )

ho T i=1 hAnT

4v (( 5 K2(c)dc) 02(;:)) :

We now study A, r.

Bt — (i+1)Aq,
ZK( e ) [ ) - )l

iAn,T
'An - .'D ((+1)A,..1'
- ZK( e / ((Xs) = 1 Xiap)) ds
t—l iAn 1
AL,

A,. iBag —
TZK( 221 7 %) (4(Xip, 7) - () -

i=1

vl

s

2
Avs.T
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By the Lipschitz property of p(.), the first term can be bounded as follows,

Xia,r — (i+1)An,T
A}L.T = hnT ZK( L x)/ (f‘(Xa) - #(XiAn.T)) ds

hn,T iAnT
AnT 1AnT z
< const.Ky, K(————
T ( z Bt )
where k, T is, as before, equal to maxi<p sup |Xs — Xia, |- The bound

iQn T<s<(i+1)An T
becomes

Ahr < (o0 (A4F)) (TutT.2) +ons (BEEZ 2, <) ).

Further, by the mean-value theorem and the occupation time formula we can write,

Aﬂ X‘An T fo .
Alp = h,,‘T ;K(T)# (x7) (Xianr — )

=hnT./K
zh'nT/K

where z7 = f(Xia, 1. ) € [Xia, 7. Z] Vi. If we multiply by ﬁ—' then the first term becomes

) ([(X0,2)) (X = ) +0as. ((Anr) /2L (T.7)

7)) (a = 2)Lx(T. a)da + 0as, ((An,7)"/*~Lx(T.2))

h,% ( i (a,)) (a - )ZX(T,a)da)

; , _
| K (f(a.zn(,m)bx(T,a)da

i

= cK(e)u' (f(2,2 + hn,1¢)) Lx (T, z + hn,rc)de + 04.0.(1)
= / cK(c) (“2((”))) Lx(T,x + hnrc)dc + 0a.5.(1)

*(z)

By Lemma 3.5 in Part I and neglecting the smaller order of magnitude,

- /ch(c)(:(“’))(Lx(Tﬂh,.Tc) Lx(T,z))de + 0q4(1).

[;CK(C)? (“2((”))) N (Lx(T,z + hn1c) — Lx(T,z)) dc
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= 2(“2((‘;))) /_oo cK(c) \/__(Lx(T,.’L'-i-hn‘TC)—Lx(T,J:))dc
( (”)) | KB(L(T.2), e

=( )ﬁm/ K(c)B(L, c)de

Now, define G(u) = [*_ cK(c)dc. We can integrate [°°_ cK(c)B(1,c)dc by parts and ob-

49
d

tain,

/m cK(c)®B(1,c)dc

G(c)B(1,0)|>Z, / G(c)dB(1,c)dc

= - / G(c)dB(1, c)de
2 B( = G(c)3de)

£ B(p/4)

where p = — [%_[* 2|a - bjabK(a)K(b)dadb. In consequence,

(hnt )3/2A'nT (hnT3/2< ZK ‘A"T £ (X,-A“‘T)—;t(l’)))

' 2
4B (sﬂ (ﬁ%f—)’) fx('r,z))

where B is a standard Brownian motion independent of Lx(T,z) and ¢ is a constant of
proportionality equal to 2(f, f) where (f, f) is the “energy” of the function f(s) = sK(s),
ie. (f,f)=— [ %, la— blabK(a)K(b)dadb. In turn,

) o)

3/2 Xia, 7T
(n.7) A”Z,_l K(=3L7)

o(zx)
d 7 (z‘)

Hence,
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— An Cn,T(l)
\/ fnrLx(T, ) (AnTE_ TX‘A"T x) ey . — )

Y‘An, z
ey Liel K(—52—)
1

e A 2
- T T A“g%
n, T n K( T )

X .
Zi- K( - T ) h:LT i=1

+ n,T(l)
X
2Ly K(—RI=)

— _ 3/2 'n 1)
= VherLx(@2) { Onr (8Y2) 40, ( LD} Cnr
T X( I‘ ( ( T ) P = Z'_ K(XIAnT I)

VIx(T.2)

= Op (hn1?) + 2044.(1) + \ ha1Lx (T, z) ( _ ncn'T(l;z,A".T_,))

ol S KR
+0,,.,.( AVZE (Tx(T,2)"? Vhmr )ﬁ..«v(( _mK'z(c)dc)az(z)).

This proves the stated result.

22.2. Proof of Theorem 2 [Bandi (1999)]

The proof is similar to the proof of Theorem 1. Consider the estimator

B, =T 2
~ T KR 22) (Xranr = Xisnr)
Onr(Z) = Ar .

n,

X, -
:;1 K(=L7)

We start by proving that
52 7(z) ~ a*(z) = 0.

Since

2
(X(i+1)A..,T - fA..,r)
(i+1)Anr (i+1)Anr (i+1)An. T

Qa1 iAn1 iAnr
then c?f,'T(a:) can be written as follows

| T K(Eea I (AT o (X, — Xia, 1) p(X.)ds]

=]

a’i'T(IL’) = Aﬂ.T Zi_ K(X‘A"T I)

- v

()
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. :,:11 nA,. r [L(‘;‘n*;)'A" T ()(.s - XiAn.T) 0(X,)dBs]
Aan r——l K( 'Aﬂ v x)

~ s

(ﬂ)

| S K(Fer ) [ AT g2 ) )is|

Xia, 7
Anr " K(—%%—)

N 7

()

T

First, we analyze a.

X, .
1 TR KSR )T 2 (X, — Xia,r) (X, )ds]

a = X ha,T T
nT =1 K(—E:‘i—)
o o Tt KCRIDUG 2 (X))
T Aar s K(S5er )
where kKn T = maxi<n sup |Xs = Xia, r| as earlier. Hence, by the Lipschitz

iAn 728<(i+1)An,
property of u(.) we can write

o ar T KCG Dbour 2 [ DBNT (4 X,) ~ X, 1)) d]
Bt s K(Eaar)
+°'°nrzn_ K f‘?“r—' ) Xia, r)An 1]

AT CLIK(RED)
Vi, St lK( e ’)[y(x.A“,)A,.TJ

S COnSt’(K‘n.T)2+AnT K( ‘AnT 1')

t—l
Since ka1 = oa,,,(Al/ 2-6 ), then the bound becomes

zw K23 (u(Xia, 1) An, rl

oa‘(Al——25)
K(=5227)

=1
By a straightforward application of the results in Part I [Theorem 5.11], the second term
converges to 2k, Tp(z) provided %I(Amr)l/ 2-¢ 23 0 and ‘::—: — 0. In order to prove
a.s. convergence it remains to prove that 3 3 0 and v %3 02(z). We analyse 3 first. As
before, the martingale
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(i+1)An 1 X;: —-I
YG+1)Anr = / K(—————zA,:: )2 (Xs — Xia, ) 0(Xs)dBs
lAn'T vT

is measurable with respect to S y1)a, ; » Where Sia, r = {A € S A{(i +1)Anr <
t*} € Qy+Vt > 0}. Further,

E(i+nans) =0
and, by the Ito isometry

/‘(i+l)An.T 4K2(XiAn.T -z

2
iAn 1 RoT ) (Xs — Xian 1) Uz(Xs)dS) < 0.

li+1)anr = Vo (Yi+1)a,7) = E (

Also, (yi+1)a, 1+ S(i+1)a, ) IS 8 martingale difference sequence with zero mean and variance
6(i+1)a, - We now invoke a strong law of large numbers for martingale differences [e.g. Hall
and Heyde (1980, Theorem 2.19, page 36)] to obtain

P O

X,
Sed T (04T 5(X,)dBy]

Z IK(X‘AnT z)

0.

Below we derive the rate of convergence. In particular, we prove that

Anr on-l g X (i+1)An,
TR Y KR )J, AT 9 (X - Xin, 1) 0(X,)dB, _ Anr
T K( “‘nT %) Lx(T,z)hnr

Now consider

N 1 IK(X;AnT L];(&':?AﬂT Z(X d3]
- Aﬂ,T z K X'AuT t)

By the Lipschitz property of a2(.),

3

| TR K(T5RIE) ST (52(X,) — 0%(Xia, 7)) d]

T = X; -z
Baz S KR
1 T K( -5?3,'1—)[ 0%(Xia, 7)AnT]
An.T '=1 K(_"‘ﬁ;r__:)
1 T K(=RI— “’” [a?(x,A“,)A,.Tl
< const.knT + Xz
AnT z,_l K( )
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The bound becomes

| TK —"fﬂ)[ *(Xita.r)Bnz]
B L KR

Ous. (A1/2—6)

Applying the results in Part 1 [Theorem 5.5}, it is easy to prove that the second term
converges to a2(z) provided ﬂ'é‘%ﬂ(An‘T)l/z-e — 0 and %f — 0. This proves a.s.
convergence. Now we study the asymptotic distribution. We are interested in the limiting

properties of

Far(z) - o*(2)

An 1 g Xia,, 2
1 LT K(—“,;%,-—’)[(x<i+1)A,., = Xitnzr) - 0H@)Ba]
An,T’ Anr Zj— K( 'An'r z) ’

h'nI'

First, we examine the numerator
1 X -z 2
— ZK(—tA—"‘-T—-)[(X(u-l)A,‘,T - XiAn.r) - o¥(z)An 1)

This can be written as,

h,. = Z K(—— IA“ r =% ((X(M)A,.,T - XiA,.,T)z ~ 0'2(1')An.T>

1 "'1 Xia, p =T [0+D8ar
= R &N TR / 2(X, - X; X.)ds

h"‘Tg ( hn,T ) iDn.T ( s ‘An.r) w(Xs)

(Ba.7)

Xia, p—x. [(+Ddar

ZK A»r )/ (0*(X,) - 0*(z)) ds

. iAn,T

(An.T)

1 e (i""I)An.T
hn - Z K( A;::T ) / N 2 (X, - Xia, r) 0(Xs)dBs .
2 T

(Cn.r(1))

i=]

7

Consider Uy, r(r) = %Cn,r(r) which is equal to

[nr] -1 (H-I)Aur
U r(r (Kbt = / - Xia ) o(X,
ar(r) = ; (hm \/—5 Anz) 0(X,)dB

U,,T is a continuous martingale whose quadratic variation process [Up 7| is
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[arl—1 (+1)An 1
[Un,Tlr = 'L' Z Kz( ‘AnT ) 1 / 4(X3—X,'Aﬂ_1.)20’2(x3)d8

ey hnd Bt Jisns
- A"T[%lw( 'A"TT Jo* (Xia, p + 0as (1)
= f K100 + 00 (2D (3, 1)
= 4@ —)o 4(a)L¥(7‘T a)da + 0g.4(1)

= K*(c)o (a:+h,,Tc)Ly(rT T + hn,rc)de + 05.4(1)

4, (4 / °° K2(c)dc> oA (@) Ex (7T, 2) + 0as(l).

Also, the covariation process (U, 1, B]r — 0 a.s. Then, let

pn,T(r) = inf{-‘} : [Un.T]a > 7'}

be a sequence of time changes. Define V, r(r) = Un 1 (pn1(r)). The process V, (r) is
the Dambis, Dubins-Schwartz Brownian motion of the martingale U, r [see, for example,
Revuz and Yor (1991, theorem 1.6, p.170)]. The conditions on the variation and covariation

process are sufficient to ensure that
d
(Vn.T7 B) - (vv B)

where (V, B) is a vector of independent Brownian motions. Hence,

~ m [nrj-1 Xia,p — T (i+1)An.1
Unr(r) = \/__ ,M;K( ez /A 2(X, - Xia, ;) 0(X,)dB,

(( / K?(c) dc) ()Lx(rT, 1.-))

This, in turn, implies that

Upn,r(1) —»v(( /:K2(c dc) z)Lx(T, 1:))

st v (o) £22)

Rut '=1

Further,
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Hence,

ri— x‘ 1 n,
VIX(T 2)har (g 228 T K5I [R5 2 (X, - Xiawr) 0(X,)dB)
X‘ Wt —I
Vanr 7:.._,'1-‘2;:1 k(X )

4v ((4 /: Kz(c)dc) 04(::)) :

We now study A, 7.

'A“ r—Z (i+1)Qn, 1T 9
,,"T ZK( e /m (03(X,) — 0% (Xia, 1)) ds
M T
n-l tA.. F—z /(i+1)An_'r
AR o

o

1
An.T

(Uz(XS)‘ ( iAn r))ds

—

r-l

Anr = Xia,r -2, , » 2
+ h»n—'r ;K(—Tn:r—-) (0' (X,A".T) -0 (I)) .

J

—

2
An.T

The first term can be bounded as follows

n-1 i
1 _ Aar T Xidpg =, [U+DanT _ 22X
Anr = har = < hn,T )/iA..,r (0*(X,) - 0*(Xia, r)) ds
An.T nz-l XiAn.T -z
= (hn,T =1 K b1 )) T

Hence, the bound becomes

Alr < (0as (847 7°)) (ZX(T, z) + Oas (Z’;g;”) (A,,‘T)W“)) :

Further. by the mean-value theorem and the occupation time formula we can write,

X‘ T " .
Alr = h,.T;K( SR (&) 0 () (Xitnr —2)

i

E.% /0 K( X,;:T”‘)a’ (F(X6,2)) 0 (f(Xe,7)) (Xs = ) + Oas. (Bn1)*~Lx (T,3))

el ~ KD (10:2) 0 (/0,2 (@ ~ HTx(T )i +0us.((Bnr)2-Tx(T.2)

3

l

2(1)
An.T
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where 27 = f(Xia, 1, 7) € [Xia, 1, 2]. If we multiply by 51—, then the first term becomes

a—I,

KG=2) (0,205 (fla, x))( hnT)Lx(Ta)

1 1 ' T
e (E.‘ /m K‘L =)o’ (f(a,2)) o (f(a,2)) (a — )Lx(T,a)da)
hn1

—oC v

1
K)o (@) 0 (f(@,2))) Tx(T, + hnre)de +0as (1)
- / K(c) (‘;g))) Lx(T.z + hpye)de + 0.4 (1)

(z)

T

= / cK(c (a )) (Lx(T,z + hnre) = Lx(T,r))dc + 0a.s(1).

By Lemma 3.5 in Part [ and neglecting the smaller order of magnitude,

/ cK(c)2 (‘7 (x))) 2\/;7 (Lx(T,z + hy1c) — Lx(T,z))de

- o(x

= 2 (-‘L(i) cK(c)——l——(Lx(T z + hare) - Lx(T,x))dc
oo Ry KR T TS T KA

a(z)

2(0(1))/ K(c)B(Lx(T, z),c)dc

49 (T))-) VLix(T,z /<== cK(c)B(1, c)de.

I=

Now, define G(u) = [*_ cK(c)dc. We can integrate [°°_cK(c)®B(1,c)dc by parts and ob-

tain,

/@ cK(c)B(1,c)de

= G(c)B(1,0)|%, - G(c)dB(1,c)dc

:

= - | G()dB(1,c)de

-

2B(| Glc)2de)

-0

2 B(y/4)

where ¢ = — [%_ [% 2|a - blabK(a)K(b)dadb. In consequence,
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1 X; nT
g P27 = (hnr):w( ZK( 5 (#(XzA..r)~#(r))>

i=1

48 (4(,0 (a’(x)) Ix(T, a:))

where B is a standard Brownian motion independent of Lx (T, z) and ¢ is a constant of
proportionality equal to 2(f, f) where (f, f) is the “energy” of the function f(s) = sK(s),
e. (f.f) == [T |22 la — blabK(a)K(b)dadb. In turn,

Ex(T, .’L') A2 J 5 , )
(h'l'l,T)S/2 An T Z;:l xlAn T -1-') - (QP (0’ (.’L’)) )

iN (o,4¢ (0' (x)) ) :

Also,
Bn.T
X, o—
Iy K(=5rT)
1 - x‘An :l' (i +1 An.
_ E.?Z:;l K(=2or ./;z;n‘r T2(Xs — Xia, ) #(Xs)ds < VAT

AnT X‘AnT’ r Da.4 + ’
oy 2i=1 K( ) V/harLx(T,2)

Hence,

\/hn.TZX(TvI)( h3/2 +ogs (A1/2 a) Cnr(1)

1/2 — -
AR Ix(T,z) Bar g | (Tonr7t)

+0a. ( h,,gr, 2))) 9, ((4 /_ : K?(c)dc) 0'4(1:))

—_ 4
provided hn, 7Lx (T, z) = 0 and lh—"‘:— —0. If —*— — oo and 3@ 2% 0, then

VIx(T,z) (OM ( AI/Z—G) Lo, ( Anr - A:(;)
4 N (o,4¢ (o (:z:))2)

where p = — [%° [% 2|a — blabK(a)K(b)dadb. This proves the stated result.
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23. Notation

—a.s. almost sure convergence

—p convergence in probability

=, —q weak convergence

= definitional equality

0p(1) tends to zero in probability
Op(1) bounded in probability

0qa.5.(1) tends to zero almost surely
Oa.s.(1) bounded almost surely

=4 distributional equivalence

~d asymptotically distributed as
MN (0, V) mixed normal distribution with variance V'
1s indicator function for the set A
aVvb max {a,b}

C; with i = 1,2,... constants
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Figure 8: The underlying process is Brownian motion. We simulate it by antithetic-variate
method for 5000 daily observations, with 1000 repetitions. Diffusion and drift estimates obtained
using the methods in Stanton (1997), JK (1997) and BP (1998) are in row 1, row 2 and row 3.
respectively. The solid lines are the estimated functions averaged across the 1000 repetitions. The
dotted lines are the true functions. The dashed lines are 75 and 25 percentiles. Diffusion estimates
and related curves are in the first column. Notice that the estimated diffusions in Stanton (1997)
and JK (1997) coincide [see text|. Drift estimates and related curves for increasing numerical values
of the leading bandwidths are in column 2, 3 and 4. For a discussion of the bandwidth choices see
text.
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Figure 9: The underlying process is the Vasicek process 1. We simulate it by antithetic-variate
method for 5000 daily observations, with 1000 repetitions. Diffusion and drift estimates obtained
using the methods in Stanton (1997), JK (1997) and BP (1998) are in row 1, row 2 and row 3,
respectively. The solid lines are the estimated functions averaged across the 1000 repetitions. The
dotted lines are the true functions. The dashed lines are 75 and 25 percentiles. Diffusion estimates
and related curves are in the first column. Notice that the estimated diffusions in Stanton (1997)
and JK (1997) coincide [see text]. Drift estimates and related curves for increasing numerical values
of the leading bandwidths are in column 2, 3 and 4. For a discussion of the bandwidth choices see
text.
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Figure 10: The underlying process is the Vasicek process 2. We simulate it by antithetic-variate
method for 5000 daily observations, with 1000 repetitions. Diffusion and drift estimates obtained
using the methods in Stanton (1997), JK (1997) and BP (1998) are in row 1, row 2 and row 3,
respectively. The solid lines are the estimated functions averaged across the 1000 repetitions. The
dotted lines are the true functions. The dashed lines are 75 and 25 percentiles. Diffusion estimates
and related curves are in the first column. Notice that the estimated diffusions in Stanton (1997)
and JK (1997) coincide [see text]. Drift estimates and related curves for increasing numerical values
of the leading bandwidths are in column 2, 3 and 4. For a discussion of the bandwidth choices see
text.
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Figure 11: The underlying process is the CIR process 1. We simulate it by antithetic-variate
method for 5000 daily observations, with 1000 repetitions. Diffusion and drift estimates obtained
using the methods in Stanton (1997), JK (1997) and BP (1998) are in row 1, row 2 and row 3,
respectively. The solid lines are the estimated functions averaged across the 1000 repetitions. The
dotted lines are the true functions. The dashed lines are 75 and 25 percentiles. Diffusion estimates
and related curves are in the first column. Notice that the estimated diffusions in Stanton (1997)
and JK (1997) coincide [see text]. Drift estimates and related curves for increasing numerical values
of the leading bandwidths are in column 2, 3 and 4. For a discussion of the bandwidth choices see
text.
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Figure 12: The underlying process is the CIR process 2. We simulate it by antithetic-variate
method for 5000 daily observations, with 1000 repetitions. Diffusion and drift estimates obtained
using the methods in Stanton (1997), JK (1997) and BP (1998) are in row 1, row 2 and row 3,
respectively. The solid lines are the estimated functions averaged across the 1000 repetitions. The
dotted lines are the true functions. The dashed lines are 75 and 25 percentiles. Diffusion estimates
and related curves are in the first column. Notice that the estimated diffusions in Stanton (1997)
and JK (1997) coincide [see text]. Drift estimates and related curves for increasing numerical values
of the leading bandwidths are in column 2, 3 and 4. For a discussion of the bandwidth choices see
text.
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Figure 13: The underlying process is the Alt-Sahalia process. We simulate it by antithetic-
variate method for 5000 daily observations, with 1000 repetitions. Diffusion and drift estimates
obtained using the methods in Stanton (1997), JK (1997) and BP (1998) are in row 1, row 2 and row
3, respectively. The solid lines are the estimated functions averaged across the 1000 repetitions. The
dotted lines are the true functions. The dashed lines are 75 and 25 percentiles. Diffusion estimates
and related curves are in the first column. Notice that the estimated diffusions in Stanton (1997)
and JK (1997) coincide [see text|. Drift estimates and related curves for increasing numerical values
of the leading bandwidths are in column 2, 3 and 4. For a discussion of the bandwidth choices see

text.
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Figure 14: The underlying process is the “experimental” process. We simulate it by antithetic-
variate method for 5000 daily observations, with 1000 repetitions. Diffusion and drift estimates
obtained using the methods in Stanton (1997), JK (1997) and BP (1998) are in row 1, row 2 and row
3, respectively. The solid lines are the estimated functions averaged across the 1000 repetitions. The
dotted lines are the true functions. The dashed lines are 75 and 25 percentiles. Diffusion estimates
and related curves are in the first column. Notice that the estimated diffusions in Stanton (1997)
and JK (1997) coincide [see text]. Drift estimates and related curves for increasing numerical values
of the leading bandwidths are in column 2, 3 and 4. For a discussion of the bandwidth choices see
text.
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Figure 15: Finite sample and asymptotic distributions for the Stanton (1997) and BP (1998)
estimators. The underlying process is the CIR process 1. Row 1 and row 2 contain the pointwise
limiting densities [dashed lines| of the drift estimates and their finite sample counterparts in the
case of Stanton (1997) and BP (1998), respectively. In row 3 and row 4 are plots of the pointwise
limiting and finite sample distributions of the diffusion estimates in the Stanton's and BP’s case.
respectively. We plot the distributions for values of the underlying process that range from 5% up
to 15%.
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Figure 16: Finite sample and asymptotic distributions for the Stanton (1997) and BP (1998)
estimators. The underlying process is the CIR process 2. Row 1 and row 2 contain the pointwise
limiting densities [dashed lines| of the drift estimates and their finite sample counterparts in the
case of Stanton (1997) and BP (1998), respectively. In row 3 and row 4 are plots of the pointwise
limiting and finite sample distributions of the diffusion estimates in the Stanton's and BP’s case,
respectively. We plot the distributions for values of the underlying process that range from 5% up
to 15%.
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Figure 17: Finite sample and asymptotic distributions for the Stanton (1997) and BP (1998)
estimators. The underlying process is the Ait-Sahalia process. Row 1 and row 2 contain the
pointwise limiting densities (dashed lines] of the drift estimates and their finite sample counterparts
in the case of Stanton (1997) and BP (1998), respectively. In row 3 and row 4 are plots of the
pointwise limiting and finite sample distributions of the diffusion estimates in the Stanton's and

BP's case, respectively. We plot the distributions for values of the underlying process that range
from 5% up to 12%.
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